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Abstract 

This paper is a detailled study of the coding of real trees by real valued functions that is 
motivated by probabilistic problems related to continuum random trees. Indeed it is known 
since the works of Aldous [5] and Le Gall [33] that a continuous non-negative function h on 
[0, 1] such that h(0) = can be seen as the contour process of a compact real tree. This 
particular coding of a compact real tree provides additional structures, namely a root that is 
the vertex corresponding to G [0, 1], a linear order inherited from the usual order on [0, 1] 
and a measure induced by the Lebesgue measure on [0, 1]; of course, the root, the linear order 
and the measure obtained by such a coding have to satisfy some compatibility conditions. 
In this paper, we prove that any compact real tree equipped with a root, a linear order and 
a measure that are compatible can be encoded by a non-negative function h defined on a 
finite interval [0, M], that is assumed to be left-continuous with right-limit, without positive 
jump and such that h(0+) = h(0) = 0. Moreover, this function is unique if we assume that 
the exploration of the tree induced by such a coding backtracks as less as possible. We also 
^sO ■ prove that a measure-change on the tree corresponds to a re-parametrization of the coding 

function. In addition, we describe several path-properties of the coding function in terms of 
^ . the metric properties of the real tree. 
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1 Introduction 

Real trees form a class of loop-free length spaces, which turns out to be the class of limiting 
objects of many combinatorial and discrete trees. More precisely, we say that a metric space 
(T, d) is a real tree if it satisfies the following conditions: 
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• For all a, a' G T, there is an isometry f ffjff > : [0, d(a, a')] — » T such that / CT)CT '(0) = <r and 
f<T,(T'(,d(a,a')) = a'. We introduce the following notation 

• If q is a continuous injective map from [0, 1] into T, we have 

q([0,l}) = lq(0), q (l)]. 

Let us introduce some notation: we denote by Jo", er'], {a, a'\ and ]c, <r'[ the images of resp. 
(0, d(a, a')], [0, d(a, a')) and (0,d(a,a')) by / CT)(7 '. For any a 6 T we denote by n(<r, T) the degree 
of <T, namely the (possibly infinite) number of connected components of T\{c}. For convenience 
of notation, we often denote n(<7, T) simply by n(cr) when there is no risk of confusion. We denote 

by 

Lf (T) = {a € T\{p} : n(a, T) = 1} and Br(T) = {a € T\{p} : n(a, T) > 3} 

respectively the set of leaves of T and the set of branching points of T. By convention, the root 
p is neither a leaf nor a branching point. We also denote by Sk(T) the internal skeleton of T: 
Sk(T) = T\Lf(T). We can easily prove that for any sequence a n , n > 1, that is dense in T, we 
have 

Sk(T)=\J[p,a n [. (1) 

n>l 

Since T is compact, we easily show that Br(T) is at most countable (see Lemma 3.1 in [20]). We 
shall also need to introduce the length measure of a real tree (T, d) denoted by It- The length 
measure is defined on the trace on Sk(T) of the Borel sigma-field of T and it is characterized by 

e T (ja,a'l) = d(a,a'). 

The length measure can also be seen as the one-dimensional Hausdorff measure on T. 

Real trees have a characterization called the four points condition that asserts that if (X, d) 
is complete path-connected metric space then it is a real tree iff 

d(a 1 ,a 2 ) + d(a 3 ,a 4: ) < (d(ai,a 3 ) + d(a 2 ,o- 4: )) V (d(a 1 ,a 4 ) +d(a 2 ,a s )), (2) 

for all 0"i, <72,<73, (74 ^ T. The four points condition has been first investigated independently by 
K. A. Zareckii [45], J. M.S. Simoes Pereira [43] and P. Buneman [8]. See A. Dress, V. Moulton 
and W. Terhalle [12, 13, 14] and also [10, 38] for general results concerning real trees. We also 
refer to the works of D. Aldous [4, 5] and of J-F. Le Gall [34] for a first study of the Brownian 
Continuum Random Tree (CRT for short) that is coded by the normalized Brownian excursion. 
We refer to S. N. Evans [21] for the first explicit use of real tree to construct random trees (see 
also [22, 23]); the reader interested in applications to phylogenetic models may consult the books 
of J. Felsenstein [24] and of C. Semple and M. Steel [42]; in a different direction, for applications 
to Super-Brownian motion, see [33, 32]; see also [29, 11] for a study of the Brownian motion on 
the Brownian CRT. We refer to the work of J-F. Le Gall and Y. Le Jan [35] for the definition 
of Levy trees that are random real trees generalizing Aldous's Brownian CRT; see also [36, 17] 
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for application to general superprocesses and [15, 18, 19, 20, 44] for fractal and probabilistic 
properties of Levy trees. We refer to the work of D. Aldous, J. Pitman and G. Miermont [1, 2, 3] 
for a detailed account on inhomogeneous continuum random trees (inhomogeneous continuum 
random trees generalize the CRT and they are the possible scaling limits of interesting discrete 
combinatorial trees in connection with random mappings). See the papers of B. Hass and G. 
Miermont [39, 40, 25] for fragmentation processes linked with real trees. Let us also mention 
that in [26] T. Lyons and B. Hambly use real trees and tree-like paths for rough path integration 
theory. 

It has been shown by S.N. Evans, J. Pitman and A. Winter in [22] that the set of isometry 
classes of compact real trees endowed with the Gromov-Hausdorff distance is a complete separable 
metric space. However there seems to be no natural way to choose a representent in a given 
isometry class. This contrasts with the discrete case. Indeed, if we consider a finite ordered 
rooted tree that is a finite planar graph without cycle with a distinguished vertex, then it is 
possible to label its vertices with words written with positive integers (see [41]). More precisely, 
set U = {0} U|J n>1 (N*) n , where N* is the set {1, 2, . . .} of positive integers and where stands 
for the empty word; an ordered rooted tree can be viewed as a subset r of U satisfying the 
following conditions: 

(i) € r and is called the root of r. 

(ii) If v = (v±, . . . , v n ) € t then, (vi, . . . , v^) € r for any 1 < k < n. 

(hi) For every v = (vi, ■ ■ ■ , v n ) G r, there exists k v {r) > such that (v\, . . . , v n , j) G r for every 
1 < j < K{t). 

If v = (vi, . . . ,v n ) £ r, then \v\ = n is its height in r, that is its distance from the root (so we 
set |0| =0). Observe that U is linearly (or totally) ordered by the lexicographical order denoted 
by <. If r is finite, then we can list its vertices in an increasing sequence with respect to the 
lexicographical order, namely = v(0) < v(l) < . . . < w(#r — 1). We define the height process 
of r by 

H n (r) = \v(n)\ , 0<n<#r. 

Clearly H(t) characterizes the tree r and in particular for any < m < n < #r, the youngest 
common ancestor of v(m) and v(n) is situated at height mm{Hk(T);m < k < n}. Thus, the 
distance between v(m) and v(n) is given in terms of H(r) by 

dist(v(m),v(n)) = H m (r) + H n (r) - 2 min H k (r). 

m<k<n 

One of the aim of this paper is to provide a similar coding for compact real trees and also an 
uniqueness result for such a representation. It turns out that the relevant class of coding functions 
for compact real trees are the left-continuous with right-limit functions: such functions are called 
caglad functions in the standard probabilistic terminology (caglad standing for "continu a gauche 
et avec limite a droite" in french). We shall explain further why the set of caglad functions is 
the right class of coding functions to consider (see Comment 1.1). 

Let us be more specific: for any M > 0, let us denote by Hm the set of non-negative caglad 
functions h on [0,M] such that h(0) = h(Q+) = and h(t) - h(t+) > 0, t G [0,M). The set 
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TC = Um>o^m is called the set of height functions and if h G T~Lm, ((h) = M is called the lifetime 
of h. Let h € T~Lm- For every s,t € [0, M], we set 

rrih(s,t) = inf /i(r) 

r€[sA*,sVt] 

and 

4(s,t) = /i(s) + /i(i)-2m fe (s,t). 

We can easily show that for any s±, s 2 , S3, S4 G [0, M] we get 

d/i(«i, s 2 ) + ^(ss, s 4 ) < (dh(si, S3) + 4(s2, s 4 )) V (d h (s 3 , s 2 ) + <4(si, s 4 )). (3) 

In particular, it implies the triangle inequality by taking S3 = S4. We introduce the equivalence 
relation ~^ defined by s ~/j t iff dh(s,t) = (or equivalently iff h(s) = h(t) = m^s^t)). Let T^ 
be the quotient space 

r h = [o,Af]/~ h . 

The function d^ induces a distance on T^ that is also denoted by dh- Thus, (Th,dh) is a metric 
space satisfying the four points conditions. Denote by ph : [0, M] — > Th the canonical projection. 
Ph is continuous when h is continuous and then (Th,dh) is compact and path-connected. Now 
observe that this construction can be done with any non-negative function on [0, M] but the 
resulting metric space may not be path-connected (take for instance an increasing function with 
a unique positive jump). We shall prove in Lemma 2.1 that if h G Ti-M, then (Th, dh) is a compact 
real tree. 

Observe that the construction of (Th,dh) provides interesting additional structures: 

• Firstly, the construction provides a special vertex ph = Ph(ty called the root of the tree. Th 
can be viewed as family tree and the root as the ancestor of the family; it induces a partial 
order ^ given by 

a 40-' iff ae{p h ,a'l 

This order is called the genealogical order associated with the rooted tree (Th,dh, Ph)- 

• Secondly, the construction provides a relation <h on the tree that is induced by the usual 
order on [0, M\. More precisely, 

a < h a' iff infp-^M) < inf p"^})- 

The relation <h is actually a linear (or total) order (antisymmetry is the only non ob- 
vious point to prove: to that end use Lemma 2.2). This order is the analogue of the 
lexicographical order on discrete rooted ordered trees. 

• Thirdly, the construction provides a measure ph that is the measure on Th induced by the 
Lebesgue measure A on [0, M\. More precisely, for any Borel set A in T^: 

Ph(A) = \( Ph l (A)). 
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We call a rooted, linearly ordered and measured compact real tree a structured compact real 
tree. In this paper we investigate the problem to know which of the structured compact real trees 
can be obtained by such a construction. More precisely, we say that two structured compact real 
trees (T, d, p, <, p) and (T", d' , //, <', p') are equivalent iff there exists an isometry / from (T, d) 
onto (T',d') that preserves roots (i.e. f(p) = //), that preserves orders (i.e. /(ci) <' /(C2) as 
soon as o\ < 02) and that preserves measures (i.e. p! = p o f^ 1 ). Let us introduce notation 
a A a' for the branching point of and a' that is defined by 

lp,aAa'} = lp,ajnlp,a'j. 

Let assume that (T,d,p,<,p) is equivalent to a structured tree obtained by the coding via 
a height function h; of course the order and the measure have to satisfy some compatibility 
conditions. More precisely, we claim that necessarily, < and p have to satisfy the following 
conditions: 

• (Orl) For any a±, 02 in T, if o~\ & [p, 02], then o\ < 02- 

• (Or2) If o\ < 02 < 0"3, then 7 € [p, 02] where 7 stands for the branching point of o\ on 
the subtree spanned by p, 02 and 03, namely: 

b,7] = [p^i]n([p,a 2 ]U[p,0 3 ]) • 
(see Figure 1 and Remark 1.1). 

• (Mes) For any distinct o\ and 02 in T such that o\ < 02, we have 

p{{a £T : o-i < a < a 2 }) > 0. 

This claim shall be proved in Lemma 2.3. A linear order satisfying (Orl) and (Or2) is said to 
be compatible (with the metric and the choice of a root) and a measure satisfying (Mes) is also 
said to be compatible (with the metric, the root and <). 

Remark 1.1 If < satisfies (Or2), then 01 < 02 < 03 implies 

^(01,03) > d(a 2 A 03, 03) 

and 7 = 01 A 02. □ 



Remark 1.2 Observe that if p satisfies (Mes), then its topological support supp(p) is T. But 
the converse is not true: see Figure 2. □ 



Remark 1.3 We shall describe in Proposition 2.6 all the compatible orders that can be defined 
on a given rooted compact real tree. We also explain in Section 2.2 that there is a natural 
way to pick uniformly at random these compatible orders. More precisely, on any fixed rooted 
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Figure 1: In the first case we can find an order < that satisfies (Or2) and o\ < (T 2 < 03, while in the 
second case, it is not possible to find an order < that satisfies (0r2) and a[ < 02 < 03. 

compact real tree (T, d, p) we shall construct a random compatible order denoted by <sh such 
that for any a±, . . . ,a n distinct elements of T, the random ordering induced on {a\, . . . , a n } by 
<Sh is uniformly distributed among all the distinct orderings of {a±, . . . ,a n } induced by linear 
orders satisfying (Orl) and (Or2) (see Proposition 2.7 for details). This random order <sh is 
called the uniform random shuffling of (T,d,p). We shall also prove in Proposition 2.8 that a.s. 
any finite Borel measure /ionT whose topological support is T satisfies (Mes) with respect to 
(T,d,p,< Sh ). ' D 

Remark 1.4 Observe that different functions in TL may correspond to the same structured tree: 
consider for instance h\ G TL\ that is the non-decreasing, continuous and piecewise linear height 
function such that /ii(l/3) = /ii(2/3) = 1/2 and h\(l) = 1, and define hi by 

M*) = l[0,l/2](*) M2t) + 1(1/2,1] (t) hi (2(1 - t)). 

See Figure 3. First note that hi € Hi and then observe that h\ and hi code the same structured 
compact real tree (T, d,p,<, p) where T is [0, 1], d is the usual distance on [0, 1], p is 0, < is the 
usual order on the line and p = 2/3A + l/35i/ 2 (here A stands for the Lebesgue measure on [0, 1] 
and S1/1 is the Dirac mass at 1/2). □ 



As in the discrete case where the height process only visits the vertices once in the lexico- 
graphical order, we get uniqueness of the coding by requiring that the height fonction backtracks 
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Figure 2: Assume that a, a' are two distinct leaves of the compact rooted real tree (T,d,p) and assume 
that a bush is grafted on each vertex of a dense subset of the subtree T" = [/>, aj U \p, a'J . Thus, T\T' (that 
is the dashed part of the tree) is dense in T. Then, there exists a finite Borel measure p whose topological 
support is T and such that p{T') = 0. Now assume that the bushes grafted on JcrAcr', a} are all on the left 
and that the bushes grafted on [ct A cr', <j'\ are all on the right so that ]ct A a' , cr'\— {£ € T : a < £ < a'}. 
Now, observe that \i does not satisfy (Mes). 



as less as possible. More precisely, let h 6W; for any a G 7X, set 

£{a) =inip~ 1 ({a}) and r(a) = mt{t > 1(a) : Ph (t) ± a}. 

We shall prove in Lemma 2.2 that ph(£(cr)) = a and the left-continuity of h implies that 
Ph(r(a)) = a. So, we call the two sets 

F(h)= |J [t{a),r{a)\ and S(h) = [0, C (h)]\F(h) 

resp. the set of times of first visit and the set of times of latter visit. We shall prove in Lemma 
3.7 that F(h) and S(h) are Borel sets of the real line. We introduce the following property: 

• (Min) The height function h £ TL is said minimal iff X(S(h)) = 0. 

One of the two main results of the paper is the following. 

Theorem 1.1 Let (T,d, p, <, //) be a structured compact real tree such that < satisfies (Orl) 
and (Or2) and such that [i satisfies (Mes). There exists a unique h & 7i satisfying (Min) such 
that (T,d, p,<, fi) and (Th,dh, Ph,<h, Hfi) are equivalent. 

This theorem is proved in Section 3. 
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hi 




Figure 3: hi and h 2 are two functions coding the same structured compact real tree. Observe that 
F(hi) = [0, 1] and that F(h 2 ) = [0, 1/2]. Thus, hi satisfies (Min) while h 2 does not. 



Corollary 1.2 Let (T,d) be a rooted compact real tree. There exists a continuous function c £ TL 
such that (T c , d c ) and (T, d) are isometric. 

Proof of Corollary 1.2: We first fix a root p € T. We can always find a probability measure 
p whose topological support is T: consider for instance a sequence a n , n > 1, that is dense in 
(T, d) and define 

n>l 

As already mentioned in Remark 1.3, we can always find a linear order < on T such that the 
structured tree (T,d, p,<, p) satisfies (Orl), (Or2) and (Mes). Denote by h the coding height 
function associated with (T,d, p,<, p) by Theorem 1.1. It implies in particular that (T,d,p,<) 
and (Th,dh,Ph, </i) are equivalent. We conclude thanks to Lemma 4.2 proved in Section 4 that 
asserts that with any h G 7i, we can always associate a (non-unique) continuous c G 7i such that 
(T h , d h , p h , < h ) and (T c , d c , p c , < c ) are equivalent. ■ 

Remark 1.5 The result of the corollary has been proved independently by J-F. Le Gall [31] by 
an approximation procedure. □ 

Comment 1.1 Let (T,d,p, <,p) be a structured compact real tree such that < satisfies (Orl) 
and (Or2) and such that \x satisfies (Mes). Assume that all the mass of p, is on the leaves of T, 
namely 

MSk(T)) = . (4) 

Let h € TL be such that (T^, dh, ph, <h-, t^h) is equivalent to (T, d, p, <, p). Since 

p h l {U(T))(lF(h), 
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h automatically satisfies (Min). Consequently, there is a unique height function that codes a 
structured compact real tree (T, d,p, <,p) that satisfies (Orl), (Or2), (Mes) and (4). (Let us 
mention that it is the case of the Continuum Random Tree that is coded by the normalized 
Brownian excursion (see [4, 34])). 

We have shown in the proof of Corollary 1.2 that it is always possible to find a continuous 
height function c G TL that codes (T,d,p, <) where < satisfies (Orl), (Or2). But if we fix /x on T 
satisfying (Mes), there may be no continuous function coding the structured tree (T,d,p, <,p). 
For instance, assume that p satisfies (4) and denote by h the unique height function that codes 
(T, d, p,<, p); choose t G (0, ((h)) such that 

p h (t) G U(T h ) and h(t) > . 

Define h! G H by 

h'(s) = l[ 0)t ](s) h(s) + -l (tiCW] (s) h(s) . 

It is easy to check that ph'(Sk(Th>)) = 0. Thus, h! is the unique height function that codes 
(Tfri , dh' , ph> , <h'>Ph') an d obviously h! is not continuous at t. □ 

In view of the previous corollary and of Lemma 4.2 in Section 4, let us note that there are 
many height functions coding the same compact real tree. More precisely, let h! G H and let ip 
be an increasing continuous mapping from a finite interval [0, M] onto [0,C(/i')]. Then, observe 
that the function defined by h = h' o ip is in TCm and also observe that the two ordered rooted 
compact real trees (T^, dh, Ph> <h) an( l (^/i'j dfi'i Ph'i <h') are equivalent. The time-change ip only 
affects the measures ph and py ■ Of course a measure-change does not always correspond to a 
re-parametrization of the coding functions: consider for instance h\ and hi as in Remark 1.4 
and observe that hi cannot be obtained from h\ by a time-change, while h\ and h^ code the 
same structured tree (T,d, p,<, p). However, if we require that the height functions h and h! 
both satisfy (Min), then we can have a precise result explained in the following theorem that is 
proved in Section 3. 

Theorem 1.3 Let (T,d,p) be a rooted compact real tree and let < be a linear order satisfying 
(Orl) and (Or2). Let p and p! be two finite Borel measures on T that both satisfy (Mes). 
Denote by h and h! the height functions associated with resp. (T,d, p,<, p) and (T,d, p,<, p') 
by Theorem 1.1 (h and h! then satisfy (Min)). Then, there exists a non- decreasing and left- 
continuous mapping ip : [0, p(T)] — > [0, oo) such that 

p(0) = , and h = h! o <p . 

Moreover, the following assertions are true: 

• (i) The time-change <p is unique iff for any a ET, p({a}) p' ({a}) = 0, namely iff p and p' 
do not share any atom. 

• (ii) If p! has no atom, then <p is continuous. 

• (Hi) If p has no atom, then ip is increasing. 
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• (iv) For any t £ [0, £(/i)) such that ip(t) < (p(t+), 

ti(u) = h(t), u€[tp(t),(p(t+)]. 

Remark 1.6 Observe that if>({p}) = and //({p}) > 0, then <p(0+) > 0. 



□ 



Comment 1.2 If h, h! £ TL are as in Theorem 1.3, then h is continuous iff h! is continuous. As 
already mentioned, Lemma 4.2 asserts that any ordered compact tree (T, d, p, <) can be coded 
by a continuous height function c € H. But the latter observation implies that in certain cases, 
it is impossible to find such a continuous function satisfying (Min). Consider for instance a 
"Y-shaped" tree rooted at the foot of the "Y" (namely a tree with two leaves and a root distinct 
from the branching point of the leaves) equipped with any of the two compatible orders. This 
tree cannot be coded by a continuous function satisfying (Min) (see Figure 4). See Section 4 for 
detailled results about continuity properties of height functions. 

More generally, properties of h as a path (i.e. properties that do not depend on any 
parametrization of h) only concern (T,d,p,<). In that vein, we prove in Proposition 4.1 that 
the total length £t(T) of a compact real tree (T,d) is finite iff there exists a height function h 
with bounded variation that codes (T,d). □ 




Figure 4: Set t = mi{t E (r(a),t(a')) : h(t) — dh(p,cr A a')}. Observe that if h is continuous, then 
to > r(a) but note that necessarily, (r(a),t ) C S(h). Thus, h does not satisfies (Min). 



10 



T. Duquesne. Coding of compact real trees 

Comment 1.3 Observe that if h,h' £ TL are as in Theorem 1.3 and if p and p! have no 
atom, then there exists a unique increasing and continuous time-change <p mapping [0, C(h)] 
onto [0, C(h')} and such that h = h' o (p. D 

Comment 1.4 In Aldous's terminology, a continuum tree is a rooted compact real tree (T,d,p) 
equipped with a probability measure p that satisfies the following conditions: 

• (CT1) The topological support of p is T. 

• (CT2) The measure p is non-atomic. 

• (CT3) The measure p is supported by the set of leaves of T, namely p(Sk(T)) = 0. 

First, let us mention that the definition of a continuum tree given here is slightly different from 
the definition given by Conditions (a), (b), (c) p. 253 and Assumption (17) p. 265 in [5]: however 
the difference is inessential for our purpose. Next, observe that (CT1), (CT2), (CT3) imply a 
certain topological constraint on (T,d,p), namely that the leaves are dense in T : 



U(T) = T . (5) 

Conversely, if T satisfies (5), then we can find a probability measure p such that (T, d, p, p) is a 
continuum tree (See Proposition 4.4). 

Let us put the uniform random shuffling <sh on (T, d, p) and denote by fosh the height function 
associated with (T,d,p, <sh,/u) by Theorem 1.1. As a direct consequence of Proposition 4.3 and 
Remark 4.2 in Section 4, a.s. the height function hgh is continuous and a.s. it is the unique 
element of Ti that codes (T, d, p, <Sh>M)- Moreover, by Theorem 1.3 and Comment 1.3, a.s. for 
any p! on T satisfying (CT1), (CT2) and (CT3), the height function h' Sh coding (T,d,p, <Sh,AO 
is obtained from /igh by a unique increasing continuous time-change (p. □ 

The paper is organized as follows: in Section 2.1, we describe all the possible linear orders 
satisfying (Orl) and (Or2); in Section 2.2, we define the uniform random shuffling of a compact 
rooted real tree; in Section 2.3 we prove topological properties of compatible linear orders. Section 
3 is devoted to the proofs of Theorem 1.1 and Theorem 1.3. In the last section, we discuss special 
properties of height functions and we make the connection with an earlier result of Aldous (namely 
Theorem 15 in [5]) that provides a randomized construction of height functions in the special 
case of continuum trees. We conclude Section 4 with a probabilistic example illustrating the 
effect of order-change on height functions. 



2 Compatible linear orders. 

2.1 Construction. 

Let (T, d, p) be a rooted compact real tree. In this section we construct all compatible linear 
orders on T. But first, let us prove the following proposition. 

11 
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Lemma 2.1 For any h £7i, (Th,dh) is a compact real tree. 

Proof: Let us prove that if h is in Hm, then (Th,dh) is path-connected. Recall that ph stands 
for the canonical projection from [0, M] onto T^; note that Ph is not necessary continuous; set 
Ph = Ph(0)', let to £ [0) M] and set a = Ph(to)', for any s G [0, h(to)] define a(s) = ph(i(s)) where 
i(s) is given by 

i(s) = sup{i e [0,t ] : h(t) < s} . 

Since h is caglad without positive jump, h(i(s)) = h(i(s)+) = s. Moreover, it is also easy to 
check that 

cr(0) = p , cr(h(to)) = cr and dh{cr(s),a(s')) = \s — s'\ , s,s' 6 [0, /i(to)]- (6) 

Thus, (Th,dh) is path-connected. 

Let us prove now that (Th,dh) is compact. Let a n , n > 1, be a T/j-valued sequence; let 
£ n G [0, C(/i)] , n > 1, be such that Ph(t n ) = On! we can always find a monotone subsequence 
ife„, " > 1, that converges to i € [0, C(/i)] (say). If ifc n , n > 1, is non-decreasing, then the 
left-continuity of /i implies that <i/i(ifc n ,i) goes to and consequently, 

lim d h (a kn ,Ph(t)) = 0. 

Assume that ifc„, n > 1, is non-increasing. By definition h(t+) < h(t) and set 

t' = sup{s G [0,i] : /i(s) < h(t+)} . 

Then observe that dh(tk n ,t') goes to 0, which implies that 

lim d h (a kn ,p h (t')) = 0. 

n— >oo 

Thus, it proves that (T^,^) is compact. Use the four points condition to complete the proof of 
the lemma. ■ 

Next let us prove that for any h € Tt, the relation <h is an order that satisfies (Orl), (Or2) 
and that the measure ph satisfy (Mes). Recall that 

£(a)=mip h \{a}). 

We need the following lemma. 

Lemma 2.2 For any a £ T^, we have ph(i(o-)) = a. 

Proof: If h is continuous at £(a), then the result is obvious. Assume that h(£(a)) > h(£(a)+) 
and suppose that Ph(£(o~)) / cr. Then, by definition of £(cr), there is a decreasing sequence i„, 
n > 1, converging to £(a) such that Ph(t n ) = cr. Then, h(t n ) = d(p, a) for any n > 1, and 

lim h(t n ) = h{£{a)+) = d(p,a) < h(£(a)) . 
12 
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Set s = sup{s G [0,£(a)) : h(s) < h(£(a)+)}. Observe that m h (s ,t n ) = h(£(a)+), n > 1. It 
implies that Ph(so) = Ph(tn) = o\ But clearly sq < £{a) which contradicts the definition of £{a). 
Thus, ph(£(cr)) = a, which completes the proof of the lemma. ■ 

This lemma implies that the relation <h is antisymmetric, which is the only non-obvious 
point to justify in order to prove that <h is a linear order. 

Proposition 2.3 Let h G Ti. Then, <h satisfies (Orl) and (Or2) and ph satisfies (Mes). 
Proof: Let 0-1,02 £ T^ be such that a\ G [/?/i,<72[. Set 

to = sup{0 < s < £{u 2 ) : h(s) < d h (p h ,ai)}. 

Since h is caglad without negative jump, we get /i(to) = dh(ph^i) = h(to+). Thus by the 
previous lemma 

m h (to,£(a 2 )) = h(t ) = d h {p h ,ai) < d h (p h ,a 2 ) = h(£(a 2 )) 

and Ph(to) = o\. Then £{o\) < to < £(c 2 ). Thus, a\ <h a 2 , which proves that <h satisfies (Orl). 
Let us prove that <h satisfies (Or2): let a\ <h o 2 <h 0-3, which implies that £{a\) < £(a 2 ) < 
£(^3) by definition. By the previous lemma, Ph{£{&i)) = &i, i £ {1,2,3}. Consequently, 

dh(Ph, o-i A 0-3) = min h(t) < min h(t) = d h (ph, <?i A a 2 ) , 
e{cn)<t<e(a 3 ) e(<n)<t<e(ff 2 ) 

which implies (Or2). 

Let us prove that ph satisfies (Mes): let a± <h cr 2 . By Lemma 2.2, we get mh(£((Ji),£(a 2 )) = 
dh(Ph, &i A 0-2). The left-continuity of h implies that there exists to € [£(ai) , £(a 2 )) such that 

Vt G [t ,£{a 2 )} , h(t) > m^o-i),^)) . 

Choose t G (to, ^(0-2)] and set a = Ph(t). Observe that for any s ~/j t and any s 1 G [0, £{(Ji)\ 

m h (s', £(a 2 )) < m h (£(ai),£(a 2 )) = d h (p h , a x A a 2 ) < m h (t, £(a 2 )) = m h (s, £(a 2 )). 

It implies that infp^" ({&}) > to > £{(?i) and thus a\ <h <r. Consequently, 

(t ,£(a 2 )) Cp^fff : cr 1 < h a < h a 2 }), 

which implies (Mes) since to < £(cr 2 ). ■ 

Let (T, d, p) be a rooted compact real tree. To avoid trivialities, we assume that T is not a 
point. We now construct a compatible linear order on T. To that end we need to introduce some 
notation: for any a G T, we denote by C a the set of the connected components of T\{a} that do 
not contain the root p. Observe that C a is empty iff a is a leaf. We also introduce the following 
set X 

X={0;N*;{l,...,n}, nGN*}. 

13 
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We think of X as a familly of indexing sets. More precisely, with any a £ T we associate I a £ 1 
and a bijection C a from I a onto C a such that 

Ca = {C a {k) , k £ I }. 

Recall that Br(T) stands for the set of branching points of T and that p ^ Br(T), by convention. 
For any a G Br(T) U {p} choose a linear order on I a that is denoted by < a . Set O = {<\ a , a £ 
Br(T) U {p}}. We define a binary relation <1 on T in the following way: let a and a 1 be two 
distinct elements of T. 

• (Defl) If a A0 7 £ {a, a'} then we set a< a' if a £ {p,cr'} and we set a'< a if a' G [p, 0"]. 

• (Def2) If a Act' ^ {a, a'}, then a /\a' £ Br(T)U{p} and there exist two distinct integers k 
and /c' in Io-ao-' such that a £ C aAa i(k) and a' £ C aAa /(k'); then we set a<\ a' if fc <\ aAa i k! 
and <7 / <lo0' if kl <\ aAa ' k. 

Proposition 2.4 <l is a linear order satisfying (Orl) and (Or2). 

Proof: By definition, for any a, a' in T, we either have a<\ Q a' or a'<\ a so that the relation <l is 
linear. Let us prove that < is antisymmetric. Suppose that a<\ a' and a'< a; if o f\a' £ {a, a'} 
then (Defl) easily implies that a = a'; suppose that a A a' ^ {a, a'}; then with the notation of 
(Def2), we should have k <l ffAff / k' and kl <\ aAa ' k, which implies that k = k'; thus a and a' would 
be in the same connected component of T\{a A a'}, which is impossible by definition of a A a'. 
Let us prove that <1 is transitive. Let 01, 02, 03 £ T he such that a\< a2 and 02< O C3- To 
avoid trivialities, we assume that o\ A 03 ^ {0-1,03} and that <7i and 02 are distinct. Let 7 be 
such that 

[p,7) = [^i]n([M 2 ]U[M3l). 

First assume that 01 A 02 G [<7i A 03, <ti]. Then 02 A 0-3 = o\ A 03 and o\ and 02 are in the same 
connected component of C axAa . i . There exist two distinct integers k and k! in I aiA a a such that 



0-1, <t 2 G C fflAff3 (k) and 03 G C fflAff3 (k') . 



By definition, 02< O C3 implies k ^^Ao-a &'■ Since 02 A (73 = cri A (73, we also get a\< a^. In 
addition, observe that 7 = 01 A 02 so that (Or2) is verified. 

If we assume next that 02 A 03 £ [o"i A 03, 03], then we can show by similar arguments that 
o"i<loO"3 and that 7 G [p, 02]- 

It remains to consider the case 02 A 03 G [p, 01 A 03 [: if 02 = 02 A 03, then 02 G [p, cri]. 
By (Defl), it implies 0"2< o ci; we have shown that it implies 02 = o\ which contradicts the 
assumption that o\ and 02 are distinct. Thus, 02 / 02 A 03 . Consequently, 01 and 03 are in the 
same connected component of C (T2A(Tz \ so there exist two distinct integers fc and A/ in I a2 Aa 3 such 
that 

o-i, 0-3 G C ff2A<T3 (fc) and ^£^(1;'). 

But 02<loO"3 implies /c <l ff2 A ff3 fc' and <Ji<\ a2 implies k' <\ a , 2Aa . A k, which rises a contradiction. 
Thus, we cannot have 02 A 03 G [p, a\ A 03 [. 

14 
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We have proved that <l is a linear order satisfying (Or2). Observe now that (Orl) is a direct 
consequence of (Defl), which completes the proof of the proposition. ■ 

Consider now a compatible < linear order on (T,d,p). Let (To £ T be such that T\{<7n} has 
at least two connected components C and C that do not contain the root p. 

Lemma 2.5 Either a < a' for any a G C and any a' G C , which is denoted by C < C ; either 
o~' < o for any a G C and any a' G C' , which is denoted by C < C . 

Proof: Suppose that we can find 01,0-3 G C and 02 G C" such that o\ < 01 < 03. Let 7 be as 
in (Or2). We have o~\ A 03 G C; it implies 7 € C. Thus 7 ^ [p, 02], which contradicts (Or2). 
Exchange the role of C and C in the previous argument to complete the proof of the lemma. ■ 

The lemma implies that for any G Br(T) U {p}, we can find a linear order <\ a on I a such 
that for any k,l G I ff that satisfy k <\ a I, we have C a (k) < C a (l). Consequently, we have proved 
the following proposition. 

Proposition 2.6 Any compatible linear order on (T,d,p) is of the form < , where 

= K,^ Br(T) U {p}} 

stands for a certain choice of linear orders on the I a 's , a G Br(T) U {p}. Moreover, this 
representation of < is unique. 

As a consequence of this proposition, two compatible linear orders are obtained one from 
another by re-ordering each set of indices I ff , a G Br(T) U {p}. 

2.2 Uniform random shuffling of real trees. 

In this section we explain how to "pick" a compatible linear order uniformly at random. Let 
(O,,^ 7 , F) be a probability space on which all the random variables that we consider are defined. 
Let S be a set. We formally define a random order < on S as a random mapping F : Q x (Sx S) — > 
{0, 1} such that F(u; a, a') = l{ a<a iy(uj) and such that u — ► F(uj; -, •) is (J 7 , t/)-measurable, where 
we have set 

g = £ ®(SxS) with ^ = {0,{ O },{1},{O,1}} . 

Example 2.1 Consider for instance S = N and denote by O the random uniform order defined 
by the following property: for any k±,...,k n distinct elements of N, the random ordering on 
{ki, . . . , k n } induced by O is uniformly distributed among the n! possible ones. O is unique in 
distribution and it can be constructed as follows: let U n , n G N be i.i.d. random variables that 
are uniformly distributed on [0, 1]; we set nOm iff U n < U m , m, n G N, where < stands here for 
the usual order on [0, 1] (see Lemma 10 in [5]). □ 

We shall give a similar construction for the uniform random compatible order on a fixed rooted 
compact real tree (T,d,p) called the shuffling ofT: Recall that Br(T) is at most countable; let 
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{U a ,k ! a £ Br(T) U {p} , k G I CT } be a (countable) family of i.i.d. random variables that are 
uniformly distributed on [0, 1]. Define O = {<\ a , a G Br(T) U {p}} by 

We define the random uniform shuffling of T by <sh = <o- 

Proposition 2.7 For any o~i,...,o" n distinct elements of T, the random ordering of the set 
{o"i, . . . ,a n } induced by <sh is uniformly distributed among the orderings of this set induced by 
linear orders satisfying (Orl) and (Or2). 

Proof: This is a consequence of the construction of <o given in the previous section and of the 
result asserted in Example 2.1. The details are left to the reader. ■ 

Observe that this proposition implies that <sh is unique in distribution. We now prove the 
following proposition: 

Proposition 2.8 Almost surely, any finite Borel measure p whose topological support is T sat- 
isfies (Mes) with respect to <sh- 

Proof: Let p he a finite Borel measure whose topological support is T and let o\ and o"2 be 
such that 0"2 ^ {p, 0"i]. Thus by definition of <sh, ^(ci <sh 02) > 1/2. Let us fix ojq G {lo € fl : 
°"i <Sh °"2j-- There are two cases to consider: suppose first that /i(]o"i Ao"2,o"2[) > 0; then since 
we have fixed ujq E {to £ Q : o\ <sh 02}, we get 

]<7i A cr 2 , <7 2 [C {a € T : a x < S h o <Sh 0"2J, 

which implies that p ({a G T : u\ <sh & <Sh 0*2}) is non-zero. 

Let us now suppose that p(\o-\ A o"2,o"2[) = 0. Since the topological support of p is T, 
there exists a sequence s n , n > 1, of branching points in ]o"i A o"2,o~2[ that is dense in this set; 
then for any n > 1, denote by fe n G I Sn the index such that 02 G C Sn {k n ). Fix n > 1, and 
take <7 G C Sn (k) with /c G J Sn \{A; n }. Suppose that a <sh o"2- Then, Lemma 2.5 implies that 
C Sn (k) <sh C Sn (k n ) and since we have fixed wo G {w G 1] : 0"i <sh 0"2J, (Or2) implies that 
ci <Sh C Sn {k). Consequently 

// ({0- G T : 0-1 < Sh a < Sh ^2}) > /U (C Sn (fc)) > . 

Thus, if we fix ujq G {uj G O : 0"i <sh 0"2J and if p ({a G T : a\ <sh <r <sh ^2}) = 0, then 

• (a) fi{\ai Aa 2 ,o- 2 [) = 0. 

• (b) The denumerable set 

K, n>l} = Br(T)n]o-iAo" 2 ,o-2[ 
is dense in ]o"i A 02, 0"2[. 

16 
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• (c) For any n > 1, and any k G I Sn \{k n }, we have C Sn (k n ) <sh C Sn (k). Thus, by definition 
of <-Sh) it implies that 

U Sn , kn (.^o) < U Sn:k (u ) , k G I Sn \{k n } , n > 1 . 

Let <T, a' G T such that a G [p, <r'[; for any s G Br(T)n]u, er'[, denote by fc(s) G I s the index such 
that a' G C s (fc(s)). Define 

At,<x' = H {wefi: ^.,fc(»)(w) < C/'a.fcCw) , fc G 7 S \W S )}}, 

seBr(T)n]cr,cr'[ 

with the convention A ff)(T / = if Br(T)n]cr,cr'[[= 0. Clearly, if # Br(T)n]cr,cr'[[= oo, then 
P(A CTiCT /) = 0. Thus, if we set 

B = [j{A a ^ : a, a' G Br(T) U {p} : a G [p, a'[ and # Br(T)n]a, a'[= oo } , 

then F(B) = since Br(T) is at most countable. Now observe that (a), (b) and (c) imply that 

{lj G : <7i < S h 02} n {w G : p({a G T : o x <sh ^ <Sh cr 2 }) = 0} C 5, 

which implies the proposition since i? does not depend on p, <7i or 02- ■ 

2.3 Topological properties of compatible linear orders. 

In this section we prove properties of compatible linear orders that shall be needed in the next 
section. Let < be a compatible linear order on the rooted compact tree (T, d, p). By Proposition 
2.6, < is of the form <o, for a certain choice O = {<&, & G Br(T) U {p}} of linear orders on the 
indexing sets I a , a G Br(T) U {p}. 

Let us first introduce some notation. Fix a £T. Recall that C a = {C a (k),k G I a } stands 
for the set of the connected components of T\{a} that do not contain the root. Consider the 
connected components of T\[p, a} that are grafted on [p, ct[: by Lemma 2.5, either all the points 
of a such component are smaller than a, either all points of the connected component are greater 
than a. So we denote by C~ = {C~,j G J~} the set of connected components grafted on [p, <r[ 
that are smaller than a and we denote by C+ = {C + , j G J+} the set of connected components 
grafted on [p, <r[ that are greater than a. For any j G J^ we denote by 7 • the point of [p, a\ on 
which the component C- is grafted. Observe that {7- } U C- is the closure of C- . Note that 
different components may be grafted on the same point. We thus get 

T\[p,<r}= U C ■ 

ceCvUCaiicZ 

Lemma 2.9 The following assertions are true. 

• For any j± G J~ , any k G I a and any j'2 G J^ , we get 

C~ < C a {k) < c+ . 
17 
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For any ji,J2 G J a such that d(p,j- ) < d(p, 7- ), we get 



• For any ji,J2 G J a such that d(p, 7^) > d(p, 7^), we </e£ 

Proof: This is a direct consequence of (Defl) and (Def2). 

We consider the family of subsets of T denoted by L a , a G T, and defined by 

L a = {a' G T : a' < a}. 

These subsets are called the left sets ofT. We first prove the following proposition. 

Proposition 2.10 For any a G T , L a is a compact set. 
Proof: Observe that 



T\L ff =(\Jc)u( [J cA 

\CeC a / \c+ec+ j 



Thus T\L a is an open set, which proves the proposition. ■ 

Proposition 2.11 Every (<) -monotone sequence inT is convergent. 

Proof: Let a n G T , n > 1, be a (< )-monotone sequence. Suppose that it has two distinct limit 
points a and a'. Assume that a < a' and choose oq g]ct A a', a'\. Denote by C and C the two 
distinct connected components of T\{o"o} that contain respectively a and a'. Note that C also 
contains the root p. Since the sequence is monotone, we can find 711,712,^3 > 1, such that 

o~ ni < °~n 2 < Cn-i , cr ni , a nz G C and a n2 G C. 

It first implies that cr ni Aa n3 G C. Then observe that [p, cr n2 ] C C, which implies that a n2 f\a n3 G 
C and which contradicts (Or2). Thus, the sequence has only one limit point. ■ 

We first consider a non-decreasing sequence a n G T , n > 1, that converges to a. We 
distinguish three cases: 

• Case (I): a n < a, for all n > 1. 

• Case (II): o n = u, for all sufficiently large n > 1. 

• Case (III): <r < cr n , for all sufficiently large n > 1. 

We also set D = {o - ' GT : <r n <(T / ,n>l}. We prove the following lemma. 
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Lemma 2.12 The following assertions are true. 

• In Case (I), we get 

[J L an = L a \{a} and Q L a > = L a . 

n>\ a'eD 

• In Case (II), we get 



(J L an = L a = f| L ff , 



n>l cr'e-D 

In Case (7i7), we get a £ Lf(T) and 



n>i VfceK / ir'eD 



where we have set 

K = {k G I ff : 3n > 1 , 31 G I CT : a„ G C CT (/) and fc < CT /} 
i/cr G Br(T) U {p} and K = I a = {1} if n(a) = 2. 

Proof: Let us first consider Case (I): suppose that there exists a' such that a n < a' < a for all 
n > 1. Define 7 n by 

[p,7n] = [p,an]n([p,a']U[p,<7]). 

Then we get j n G [p, a'] by (Or2), which implies that d{^ n ,a) > d(a A a', a). Thus, for any 
n> 1, 

d((T n , a) = d(a n , 7„) + d(7 n , <r) > d(cj A a', a) > 0, 

which rises a contradiction. This prove the first point of the lemma. 

The first equality in Case (II) is obvious. Suppose there exists a" G Ho-'eD L a i\L a . Then, a" 
is a minimal element of D. But we can always find £ G T such that a < £ < a" . It implies that 
£ is also a minimal element of D distinct from a" , which is absurd since < is linear. It proves 
the second equality in Case (II). 

Let us consider Case (III): We first suppose that there are no > 1, and jo G J+ such that 
er„ G C + . Recall that 7^" stands for the point of [p, <r[ on which the connected component C + 
is grafted. Lemma 2.9 implies that for any n > no, cr n is in a connected component of C+ that 
is grafted on a point of [0,7^]. Thus, for all n > uq 

d(a n ,a) >d( 7 +,cj) >0, 

which rises a contradiction. It shows that the sequence a n , n > 1, has no term in any of the 
connected components of C+. It implies that a £ Lf(T) and that 



[JLff n C LffU (J Cff(k) 

n>l \kela 
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By similar arguments we also get 



[JL an C L a u( \JC a (k)) 

n>l \k£K / 



We now prove the reversed inclusion: suppose that there are ko £ I a , no > 1 and a' £ C a (ko) 
such that 

a no £ C a (ko) and a n < a' , n > 1 . 

Then, a n € C a (ko) for any n > uq and by definition of K we get K = {k £ I a : k <\ a ko}. Since 
<7n < <7« < o 7 , (Or2) implies that cr no A <r' € [a, cr n A a'] and consequently 

d(a n , a) > d(a n A a , a) > d(a no A a', a) > , 

which rises a contradiction. So, it proves that if a no € C a (ko), then C a {ko) C {J n> iL an . This 
implies 



VfceX / n>l 



and the first equality of Case (III) follows. Let us prove the second equality of Case (III): clearly, 
we have 

|J L an C f| L a ,. (7) 

n>\ a'eD 

Suppose now that there is a point a" in C\ a / eD L a / such that a n < a" for all n > 1. It implies 
that a" € D. Since <r" is in P\ a , eD L a >, we have a" < a', a' £ D. a" is the minimal point of D 
(there is at most one since the order is linear). Thus, for any £ G T, if £ < <r", then £ ^ Z) and, 
by definition, there exists no > 1, such that £ < a no . This implies 

[J L an = L a „\{a"} . (8) 

n>l 

But the first equality of Case (III) implies that U ra >i ^cr„ has to be a compact set, which con- 
tradicts (8). So it proves that there is no point a" in Ho-'eD ^a 1 sucn ^ na ^ °n < a " f° r all n > 1. 
This, combined with (7), implies 

(J L Un = f| L & , 

n>\ a'eD 

which completes the proof of the Lemma. ■ 

Consider now a non-increasing sequence a n € T , n > 1 that converges to a. Set 

G = {a € T : a' < a n , n > 1} . 
We prove the following lemma. 
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Lemma 2.13 We have 

f]L Un =L a u( (J C a (k)\ , 

n>l \keIv\K J 

where we have set 

K = {k G I„ : 3n > 1 , 31 e I a : a n G C a (l) and / <q CT k} 

ifa€ Br(T) U {p}, K = I a = $if<j£ U(T) and K = I a = {1} 2/ n(«r) = 2 fo&serae Mai 7 CT \K 
may &e empty). Moreover, if G is non-empty and if a n = a for all sufficiently large n, then we 
get 

cr'eG n>l 

Otherwise, we get 

u v = n l - 

cr'eG n>l 

Proof: The arguments are similar to those used to prove Lemma 2.12. The details are left to 
the reader. ■ 

We shall need the following lemma in Section 3. 

Lemma 2.14 The collection of sets {0;T;L CT , a € T } is a ir-system that generates the Borel 
sigma-field ofT. 

Proof: Clearly, {L a , a € T} is closed under finite intersection. This implies that 

{0;T;L CT , a G T } 

is a 7r-system. Denote by A the sigma-field generated by this 7r-system. Let a G T. Deduce from 
Lemma 2.12 that any connected component of T\{a} is in A (the details are left to the reader). 
Let r > and denote by B(a,r) the closed ball with radius r and with center a. Then, 

T\B(a,r) = {a' G T : d{a,a') > r}. 

Let C be a connected component of T\B(a, r). There exists 00 such that d(a,ao) = r and such 
that C U {ctq} is the closure of C. It implies that C is a connected component of T\{ao}. Thus, 
any connected component C of T\B(a, r) is in A. So is T\B(a, r), for any a £T and any r > 0, 
which easily completes the proof of the lemma. ■ 

3 Construction of the height function. 

In this section we prove Theorem 1.1 and Theorem 1.3. Let us consider a rooted compact real 
tree (T, d, p) equipped with a compatible linear order < and a compatible measure \i. To avoid 
trivialities, we assume that T is not a point. Observe that (Mes) implies 
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(Inc): For any a < a' we get 

H(L a ) < n(L ff i) . 



Let us set M = /x(T). Observe that 

M = sup{/x(L ff ) , a € T}. 
Since T ^ {/?}, M is positive. For any t E [0, M], we define 

G t = {a G T : /i(L a ) < t}. 
We use the following notation: 

m t = sup n(L ff ) and M t = inf fj,(L a ), 

aeGt veT\G t 

with the convention that m t = if Gt = and that M t = M if Gt = T. Observe that Gt = T 
iff t = M. Clearly, m t <t < M t . We also introduce 

A= P| Ar, 

aGT\G t 

if i < M and Dt = T if t = M. Here is the key lemma used in the proof of Theorem 1.1. 

Lemma 3.1 Fix t & [0,M]. The following assertions are true. 

• (i) fJb(G t ) = m t and fx{D t ) = M t . 

• (ii) There exist a- and a + such that a + G [p, <r_] and such that 

— for any non- decreasing sequence a~ , n > 1, that satisfies 

lim u(L -) = mt 
one has 



lim d(a n ,a-) = and G t \{cr_} C [J L ff - C G t ; 



n>l 

— /or any decreasing sequence a^ , n > 1, that satisfies 

lim fi(L +) =M t 

one /&as 

lim d(o~n, (J+) = and ( | L + = Z) t 

n>l 

(Hi) We also get 

D t \{a-} C G t C A- 
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Remark 3.1 There is no non-decreasing sequence a~ , n > 1 satisfying the condition of (ii) iff 
Gt = 0. In this case, we set cr_ = p, by convention. Note also that is no decreasing sequence <r+ 
, n > 1 satisfying the condition of (ii) iff M t = M . In this case, we set a + = <r_, by convention. 

Proof: First note that Gt C D t . Suppose that there exists a € D t \Gt: then, by definition of 
D t , for any a' £ T\Gt, we get a < a' . Consequently, a is the minimal element of T\Gt- Observe 
next that (Inc) implies that a < a for any a € Gt- Thus we have proved that 

- either T\Gt has no minimal point and then Gt = D t , 

- either T\Gt has a minimal point denoted by a and then 

G t = Lz\{a} and D t = L~ a . (9) 

We distinguish several cases in the proof: 

• Case 1: Suppose that there exists a* G Gt such that mt = n(L a)t ). Then, by (Inc) we get 

Gt = L ait . We first claim that 

D t = G t = L a . . (10) 

Clearly L CT „ C D t . Suppose that there exists a' £ D t \L Ut . Then, a' is the minimal element of 
T\Gt- Then by (9), Gt is not compact, which rises a contradiction. Then it implies (10) and (i) 
and (Hi) follow. 

Let a~ , n > 1 be as in the lemma. By Lemma 2.11, it has a limit that we denote by <r_. 
We claim that 

cr_ = <7* . (11) 

Indeed, by Lemma 2.12, <r_ is in the closure of U n >i ^o-~ an d since a~ € L at for any n > 1, we 
get <r_ € L fft . Suppose that we are in Case (I), Case (II) or Case (III) with cr_ ^ Br(T) U {/?} of 
Lemma 2.12. Then, the closure of (J n>1 L CT - is exactly L CT _ and (Inc) implies that 



mt = /x [J ^ CT - < n(L a _) < /U.(L CT J = m t . 



,n>l 



Thus, mj = n(L a _) = fj,(L a:t ) and cj_ = a* by (Inc) again. 

Assume now that we are in Case (III) of Lemma 2.12 with cr_ € Br(T) U {p}. We keep the 
same notation. We easily get 

U L «- n = U L ^ = L *- u ( U ^-(o) c l„.. 

n>l n>l VieX / 

Suppose that a_ 7^ cr*. Then a_ < a*. It implies that a* is in T\[p, <t_J. Let C be the connected 
component of T\|/>, cr_] such that a* G C. Clearly, we get 



L a _U I \JC ff _({)\ < c 
\ieK J 
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Observe that it is always possible to find a' G C such that a' < a*. So we get 



But (Inc) implies 



U L ^ = L °- U ( U ^-W ) C At' C> L,. . 

n>l VieK" / 



HI, - // | [J L a - J < ^(At') < A* (At.) = ''"/■ 
,n>l 



which is impossible. Consequently, (11) holds and we also have proved that 

At_\{<x_}C U^-CA <y _=G t . (12) 



n>l 



Observe that <r* = a_ does not depend on any sequence a n , n > 1 satisfying the assumptions 
of the lemma. Consequently, (12) remains true for any such sequence. We next claim that 

V<r' G T\Gi , //(Ay) > ^ . (13) 

Indeed, suppose that there is a' G T\Gt such that fJ,(L a i) = M t . It implies 

Mi = n(L„i) >t>m t = m(At_) • 

Thus, <j_ < o - ' by (Inc). But we can always find a" such that a_ < a" < a'. Since Gt = L CT _, it 
implies that a" G T\Gt and then by (Inc) 

M t < MAr") < MAt') = M t , 

which is impossible. Therefore (13) holds. 

Let cr+ , n > 1, satisfying the assumptions of the lemma. By Lemma 2.13, it has a limit that 
we denote by a + . Let a' n , n > 1, satisfying the same assumptions. (13) implies that for any 
n> 1, 

/i(L +) and //(L ,+ ) > Mt and lim fi(L +) = lim /i(L ,+ ) = Mt- 

So, by (Inc) we can construct a sequence all , n > 1, that also satisfies the assumptions of the 
lemma and such that it contains an infinite number of terms of the two sequences cr+ , n > 1, 
and Cn , n > 1. Lemma 2.13 implies that a^ , n > 1, is convergent. Therefore the limit of a'n 
, n > 1 has to be also ct_|_. Thus, a + does not depend on a choice of a sequence satisfying the 
assumptions of the lemma. 

Let us fix such a sequence cr+ , n > 1. We claim that 



A=rw- ( m ) 



n>l 

Indeed, observe first that 



AcflV 



n>l 
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Suppose that there is a' G fln>i ^-V+V^t- Then, we have fj,(L ff +) > fJ,(L a i) for any n > 1. It 
implies that M t > \x{L a i\ which actually implies M t > n(L a t) by (13). Thus, a' is in Gt. But, 
it implies 

L a , C p| L a = A, 

T\G t 

which rises a contradiction. Consequently (14) holds true. 

To complete the proof of the lemma in the first case, it remains to prove that a + G \p, <r_J: 
we clearly have 

v c n L °t = a- 

Thus, (i(L a+ ) < M t , which actually implies n(L a+ ) < M t by (13) and we get a + € Gt = L a _. 
Observe now that a + G T\L a _ as the limit of the cr^'s. Thus, 



a + eL a _nT\L a _ C {p,a-j, 

which completes the proof of the lemma in Case 1. 

• Case 2: We now suppose 

W G G t , n(L ff/ ) < m t . (15) 

By arguments similar to those used to prove uniqueness for a + in Case 1, we prove that there 
exists <r_ G T such that any non-decreasing sequence a~ , n > 1, that satisfies the assumptions 
of the lemma converges to a_ . 

Consider such a sequence a~ , n > 1, and note that 

U L «- n c G < • 

n>l 

Suppose there exists a' G Gt\{J n>1 L ff - . Then for any n > 1, fJ,(L a i) > fi(L a -) and we get 
/J'(La') > "ii, which contradicts (15). Consequently, 

U L .„- = G * • ( 16 ) 

n>l 

We distinguish two subcases whether it exists a* G T\Gf such that n(L ffit ) = M t or not. 

— Case 2.1: Suppose there exists such a o* G T\Gt- Then cr* is the minimal element of T\Gt 
and by (9) we get 

D t = L ff , and G t = L ff ,\{a*} (17) 

and we get 

a = <7* = u_ . (18) 

Assume that there exists cr+ , n > 1, a decreasing sequence satisfying assumptions of the lemma. 
It has a limit denoted by a + . By previously used arguments, we can prove that any decreasing 
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sequence satisfying assumptions of the lemma converges to <r+. Recall that we have D t = L at 
L a . Suppose that there is a' G f] n >i L +\D t . Then we get by (Inc) 



M t = fi(L a _) < M (V) < n [P| L ct + = M t , 



,ra>l 



which is absurd. It implies D t = 1^, = ^o-_ = Dn>o Ar + - By (l^) an( ^ by the f° rm °f Dn>i ^o- + 
given by Lemma 2.13, either cr_ = cr+, either a_ is in a connected component of T\{a + } that 
does not contain the root. Thus, it shows 

CT+ g [p, cr_] , 

which completes the proof of the lemma in Case 2.1. 

— Case 2.2: We suppose that (13) holds. By arguments similar to those used previously, we 
prove that there exists a + G T such that any decreasing sequence a^ , n > 1, that satisfies the 
assumptions of the lemma converges to a + . Consider such a sequence a£ , n > 1. We claim that 

^* = n l .+ = g * • ( ig ) 

n>l 

First note that D t C rin>i^cr + - If °" £ rin>i^o- + ' then /J,(L a ) < fj,(L ff +) for any n > 1. So 
n{L a ) < M t and thus, cr G Gt by (13). But clearly Gt C Z?t, which completes the proof of(19) . 
It remains to prove 

a + G{p,a-j. (20) 

First, observe that by (19), a+ G Gt- But it is the limit of the c+'s that are in T\Gt- Thus, 



a + G T\G t n G t . 
Recall (16). Then by Lemma 2.12. Deduce that 



T\G t nG t clp,<r-], 
which implies (20) and the proof of the lemma is completed. ■ 

Definition 3.1 (Exploration mapping associated with \i) For any t G [0, M], we set 4>{t) = er_ ; 
where <7_ is defined by Lemma 3.1 and Remark 3.1. 

Lemma 3.2 The exploration mapping <p is left- continuous with right-limits. Moreover, <^>(0+) = 
p and for any t G [0,M), 4>{t+) G lp,<j>(t)j. 

Proof: Fix t G (0, M]. We first prove that <f> is left-continuous at t. We define to by 

t = sup {n{L a ) , a eT : n{L a ) < t} . 
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Recall that 

m t = sup {ii{L a ) , a <G T : n{L a ) < t} . 

We distinguish three cases: 

- Case 1: to < m t - Then, clearly t = m t = ^(L^ t )) and Gt = ■£<£(*)■ Next observe that for 
any s £ [to,t), G s = L^\{(f>(t)} and thus <f)(s) = 4>(t), which implies that <j> is left-continuous 
at t. 

- Case 2: to = m t < t. If s G [m tl t], then m s = m t and (f)(s) = (f)(t), which also implies that 
4> is left-continuous at t. 

- Case 3: to = mt = t. Thus we can find an increasing sequence a~ , n > 1, converging 
to <r_ = <p(i) and such that linin^oo fi(L ff -) = t. Let £& , k > 1, be any increasing sequence of 
[0, M] converging to t. We first claim that 

lim mt = t . (21) 

k^oo 

Clearly mt k < tfc < t. Set t~ = fi(L a -). By definition, t~ = m t -. Since t~ < t, then for any 
n > 1, we can find fe n > 1, such that t~ < tk n , which implies that m t - = t~ < m tfe . Thus, (21) 
follows since hin^^oo m.- = m t = t. 

Without loss of generality we can assume that the sequence m tk , k > 1, is increasing. Use 
Lemma 3.1 at each tk to find a sequence jk , k > 1, such that 

d(7fc, #(**)) < 2" fc and < m tfc - ^(L 7fc ) < 2~ fe A (m tk - ju(^-i)) ( 22 ) 

(observe that strict inequality is possible because mj fc _ 1 < w-t fe ). Then, we get 

K L i k -i) < K L ~ tk ) <m t = t, 

which implies that 7& , k > 1, is an increasing sequence of Gt. Moreover by (21), we get 
limfe^ 00 /i(L 7fe ) = t = mt- Lemma 3.1 implies that limfc_ >00 d(7fc,</>(i)) = and, by definition 
of the sequence 7^ , k > 1, it implies that ]ini] e ^ 00 d(<f>(tk) , (t>(t)) = 0. This proves that is 
left-continuous at t in Case 3. 

Existence of right-limits of (j> at t G [0, M) is treated similarly: if £ < M t , then for any 
s G [i, M t ), we clearly have m s = m t , M s = M t and i^(s) = </>(£). Thus, (j> has a right-limit at t, 
which is 4>(t). 

If we now assume that Mt = t, then we can find a decreasing sequence a^ , n > 1, converging 
to <7 + and such that linin^oo fi(L a +) = M t = t. Let £& , fc > 1, be any decreasing sequence of 
(0, M] converging to t. Set £+ = fj,(L a +) , n > 1. We can find two increasing subsequences of 
indices n(l, &) , n(2,k), k>l such that 



f n(l,fc+l) = MV fl . . J < f «(2,fc) < tf(l,fc) = M(V 



y n(l,fc+l) v ' ' .*v-j"7 "n(l,fc) 

Consequently 



»(l,fc + l) - m *n(2,fc) ^ M tn(2,fe) ^ *„(l,fc) " ( 23 ) 
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It implies that mt k , k > 1 converges to t. Without loss of generality we can assume that m tk , 
k > 1 is a decreasing sequence. Use Lemma 3.1 at each £& to find a sequence 7^ , k > 1 such 
that 

d{-f k , <t>(tk)) < 2~ fc and < m tk - n{L lk ) < 2~ k A (m(^-i) " m t k ) ■ (24) 

Then, by (23) and (24) 

t < mt k+1 < n{L lk ) < M(^Tfc-i) ^ m t k -i , 

which implies that 7& , k > 1 is a decreasing sequence olT\Gt such that lim^oo p(L 7fe ) = M t = t. 
Lemma 3.1 implies lim^oo d(^k-, 0+) = 0. By definition of the sequence 7^ , k > 1, it implies 
that linifc^oo d{4>(tk)-, cr + ) = 0. This proves that (ft has a right-limit at t and also that <ft(t+) = a + , 
where a + is the point associated with t as defined in Lemma 3.1. 

It remains to prove that <ft is right-continuous at 0. If p({p}) > 0, then Mn > = mo and we 
are in Case 1 or in Case 2. Assume that p.({p}) = 0. Fix a sequence tk, k > 1 that decreases to 
0. Let a n , n > 1, be a decreasing sequence of T such that {p} = Pln>i Ar„- (Inc) implies that 

lim p(L CT J = P({P» =0. 

n— >oo 

Let n > 1. For all sufficiently large k we get £& < p(L CTn ), which implies that </>(£&) € -D tfe C L CTn . 
Then any limit point 7 of the sequence 4>{tk) , fe > 1, is in L CTn , for any n > 1. This implies 
that p is the only limit point of the sequence <ft(tk) , k > 1 and the proof of the lemma is now 
completed. ■ 

Let us set 

h(t) = d( P ,<ft(t)), te[0,M]. 

Clearly h is left-continuous with right-limit; we also have h(0) = h(0+) = 0. Recall that 
<p(t) = a- and that if (ft(t) 7^ 4>(t+), then (/>(£+) = 0+ with the notation of Lemma 3.1. Since 
(7+ € [p, <t_], we get h(t+) < h(t) (note that if (ft(t) = (ft(t+), then <j>(t+) is not necessarily equal 
to <r_|_). Thus, At is in TLm- 

Proposition 3.3 There exits an isometry jh from (Th,dh) onto (T,d) such that j(ph) = p and 
such that 

£1 <h £2 => Jh(£i) < ^(£2) • 

Proof: We first claim that for any t\ < ti < £3 in [0, M], 

d(p,<Kt 2 ))>d(p,0(ti)A0(t 3 )). (25) 

First observe that if £2 G [^tn-^ti), then clearly ^(£2) = <f>(ti)- By left-continuity, we also get 
<ft(M tl ) = 4>{ti). Similarly, if £2 £ [ m *3>-^3]) then ^(£2) = ^(£3) • Consequently, (25) holds for 
any t 2 G [m tl ,M tl ] U [m t3 ,M t3 ]. 

Let us assume that M tl < t 2 < m t . A , which implies 

m tl < m t2 < m tz ■ (26) 
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By Lemma 3.1, we can find three non-decreasing sequences o~{i) , re > 1, i € {1,2,3} such that 

°"n (») G G u , lim d(a~ (»),<£(**)) = , lim K L a -(i)) = m U ■ 

Inequality (26) implies that for all sufficiently large re, MC^-m) < / u (^o- _ (2)) < MAr~(3)) an( ^ 
by (Inc) 

< 7-(l)<<7-(2)<<r-(3). (27) 

Set (To = 4>(ti) A ^(£3) and let 7 be such that 

b,7] = lP^(t2)]n([^,^i)]uIp J ^ 3 )]). 

Suppose that 7 € [p,<r [. Then (p(t 2 ) A </>(i 3 ) = <p{t 2 ) A 0(ii) = 7. Then (p(t 2 ) A a = 7. Now 
observe that for any a G T 

2d(«r A (T , cr ) = d(a , a) + d(p, cr ) - d(a, p) . 

Thus, the application a — > d(a A (To, (To) is continuous. Consequently, for all sufficiently large n 

2 _ 1 

d(c"- n (2) Acr ,cr ) > -d(7,o"o) and d(a n (i) A a ,a ) < -d(<y,a ) , i £ {1,3} . (28) 

Let 7 n be such that 

[p, 7 „] = b,<r-(i)] n ([/9, a" (2)] u Ip,(t-(3)]) . 

(28) implies that for all sufficiently large n, the point 7„ is not in \p, <7~(2)], which contradicts 
(27) by (Or2). Then, 7 ^ \p, <ro[ and 7 is necessarily in [<^>(ii), ^(£3)]. Then, we get 

d{p, <t>(t 2 )) = d(p, a ) + d(7, cr ) + d(7, «/>(t 2 )), 

which implies (25). 

We keep notation o"o = 4>{t\) A ^(£3) and we now prove that 

inf d(p, <i>(t)) = d(p, (T ). (29) 

te[ti,t 3 ] 

To avoid triviality we suppose that <to ^ {^(ti), ^(£3)}. By Lemma 3.1 and the form of D tl and 
Gt 3 given by Lemmas 2.12 and 2.13 we get D tl C Gt 3 , which implies that (j>{t{) < (j>{t^). Let a n , 
re > 1, be a sequence in ]<ro, ^(£3)] that decreases to uq. By Lemma 3.1 and the form of D tl and 
Gt 3 given by Lemma 2.12 and Lemma 2.13, we get for all re > 1, 

Ai c^ L CTn c^ G t3 . 

Set s n = p(L Un ) , re > 1. The previous observation implies that for any re > 1, 

h < M tl < s n < mt 3 < t 3 . 

Set t = p(f] n>1 L Un ) = lim n _ >00 s n . Then t E [^1,^3]- Next, by definition of <f), we have <f)(s n ) = 
a n . Since the sequence s n , n > 1, decreases to i, we get </>(£+) = (To- This, combined with (25) 
implies (29). 
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Now observe that (29) easily implies that for any s,t G [0, M], 

d(<t>{s),<i){t)) = h{s) + h{t)-2 inf h(u) = d h (s,t) . (30) 

ue[sAt,sVt] 

Recall that ph stands for the canonical projection from [0, M] to T^. It implies that if Ph(s) = 
Ph(t), then (f)(s) = (j)(t). Thus, it makes sense to define jh ■ T\ h — > T by jh{Q = 4>(s) for any 
s€pj ({£})• Then (30) implies that jh is an isometry from (Th,dh) onto (T,d). Moreover we 
get jh(ph) = p- 

It remains to prove that 2h is increasing: let a G T\{p}. It is always possible to find an 
increasing sequence a~ , n > 1, that converges to a. Lemma 2.12 Case (I) implies that 

U L ^ = MW 

n>l 

and thus 

lim H[L -) = n(L a \{a}) . 

Lemma 3.1 implies that 4>(fjL(L a \{a})) = a. Now observe that if <p(t) = a, then Lemma 3.1 
easily implies that 

L a \{a} C G t ■ 

Thus, 

m(AAM) <n(G t ) = mt<t. 
It proves that for any a G T 

inf0- 1 (W)=MMW)- (31) 

Consequently, if 0"i < 02, then 

inf ^({ai}) = m(V\{^i» < M(V) < MAr 2 \W) = inf ^(W) • 
Apply this inequality to o\ = Jh(£i) and 02 = 3h{£,2) and observe that 

inf ^(OJ) = infp-^te}) , i G {1,2} 
to complete the proof of the proposition. ■ 

We next prove the following proposition. 

Proposition 3.4 We have p = Ph° ]J t ■ Furthermore the function h satisfies (Min). 

Proof: We first introduce some notation. Fix a G T and recall notation C a and C+ from Section 
2.3. By Lemmas 2.5 and 2.9, all the connected components in C a and C+ can be ordered by <. 
Define the following collection E CT of families of connected components: 

£ CT = { S C C a U C+ : VC G S , VC" G C CT U C+ : (C" < C) =► (C G S) } . 

We next define the two following sets of real numbers: 

A a = J M (L ff ) + ^ m(C) , S G S CT 1 and B a = J M (L ff ) + J^ /u(C) , 5 G S CT 1 . 
I ces J I cesnc J 

We first prove the following lemma 
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Lemma 3.5 For any a G T, one has 

F{h) n <p-\{a}) = \fi(L \{<7}),n(L )] , (32) 

s(h)n4>-\W})<zB rT \{n(L tT )}, (33) 

and 

4>-\{p,a\)^(ii(L a ),M] C (AAMAr)}) nS(h) . (34) 

Proof: For any t G [fi(L a \{a}), /j,(L a ) ), we get m t = fi(L a \{a}) and M t = //(L CT ); the definition 
of </> and (31) imply that 

[MMM), MAr)] c F(/t) n <f>-\W}) ■ (35) 

Let t G _1 ({cr}) n(/j(L,) , M). Thus 

MAr) <m t <t<M t . (36) 

Let <r~, n > 1 be a non-decreasing sequence such that 

lim u(L -) = mt . 

Then Lemma 3.1 implies that linin^oo d(a~ , a) = and 

A\W = G t \{a} C |J L ff - cG t cD t . (37) 

n>l 

Suppose that the sequence a~ , n > 1 corresponds to Case (I) or Case (II) in Lemma 2.12. Then 
(37) implies 

G t \W = A\W = MW- 

It implies that M t = n(D t ) < fJ,(L ff ), which contradicts (36). Then, a~, n > 1 corresponds to 
Case (III) in Lemma 2.12. Consequently 



D t = G t = L a u(\J C a {k)\ 
\keK J 



(3c 



with the same definition of K C I a as in Lemma 2.12. Thus it implies 

m t = fi(G t ) = n{D t ) = M t = t. 
Set S = {C a (k) , k G K}. The definition of K in Lemma 2.12 implies that S G S CT . Thus, 
t = p(G t ) = n(L ff ) + J^ mCOtW) G B a \{n{L ff )} . 

keK 

Let ko & K and <r' G C CT (/co). Observe that 

L a C L CT / C Gt ■ 
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Set t' = n(L a /). Then /J,(L a ) < t' <t and 4>{t') = a' / a. It implies that t G S(h). It completes 
the proof of (32) and (33). 

Let us prove (34). First note that 

r 1 (lp,al)n( f i(L a ),M]cS(h) 
and (33) implies that ^({a}) n (fJ,(L ff ) , M] C S(h) . Thus 

<f>- 1 ([p,&l)n(n(L ff ),M\cS(h). 

Let t G (n(L a ) , M] be such that j h (t) = a' G \p,a\. Then t G (fr -1 ({<?'}) n 6*(/i). By (33), it 
implies that i G B a /\{fj,(L ff i)}. Then there exists S" G T, a i such that 

i = M^')+ E ^ C ')- (39) 

c*'es" 

Since a' G [p, <t[, there is Co G S" such that a G Co- Recall from Section 2.3 notation C+ and 
7 + , j G J+ and set 

A = {C+ ,j£j+ : d(a, 7 +) < d(<7, </)} 

and 

5 = {C+ , j G J+ : d(a, 7 +) = d(<7, a') and C+ G 5'} . 

Observe that C ff U i U B G S„ and that 

VU( (J C']=L ff U (J C ff (k)) U( (J C") . 
Vc'eS" / \fce/ ff / Vc'eAuB / 

It implies that £ G AAlM-^o-)} and it completes the proof of the lemma. ■ 

Observe that by (31), we get <p(t) < a for any t G [0, fi(L a \{a})}. If a' G C with C G C~ , 
then we get 

VU |J C" ) C L a \{a} . (40) 

Thus, by (33) applied to a' we get 

su P< r l ({<T / })<Mv)+ J2 W) 

C'£C a , 

and (40) implies 

sup^- 1 ({<7 / })< M (M{^})- 

Consequently, 

0- 1 (la[p,^])= |J f 1 (C)c[o,/j(MW)]. 
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This, combined with (34), implies that 

[0, n(L a )} C <t>-\L ff ) C [0, n{L ff )] U A a . (41) 

We need the following lemma. 

Lemma 3.6 For any a G T ', A a is a Lebesgue null set. 
Proof: First observe that 

H{L„) = inf A a < sup A a = n(L a ) + J^ n(C) = n(T) = M . 

cec„\jc+ 

Set for any C G C a U C+, S(C) = {C £C a UC+ : C < C}. Clearly S(C) and S(C) U {C} are 
in S CT . Thus, the real numbers a{C) and 6(C) given by 

a(C) = fi(L a ) + Y, M(C") and 6(C) = ju(C) + o(C) 

C'£S(C) 

are in ^4 CT . Observe now that A a n (a(C), 6(C)) = 0, where ^4 CT stands for the closure of the set 
At- Thus 

(J (a(C),6(C)) C [^L a ),^T)]\A a . (42) 

c*ec CT uc+ 
Note that 

A I (J (a(C),6(C))j = J2 H{C) = H{T)-H{L ). 

\c*ec CT uc+ / c*ec CT uc+ 

Thus, (42) implies that A(A CT ) = 0, which completes the proof of the lemma. ■ 

The previous lemma and (41) imply that for any a £ T, 

\{^\L a ))=^{L a ). 
Thus, jU = A o cf)^ 1 by Lemma 2.14. Consequently fi = fih o j~ , by definition of jh- 

Lemma 3.7 For any h E 7i, the set of times of first visit F(h) and the set of times of latter 
visit S(h) are Borel sets of the line. 

Proof: As already noticed, we have p~^ (Lf(T^)) C F(h). Thus, 

S(h) C p^(Sk(T h )) . (43) 

Let t E [0,C(h)]- We set 

E t = Is E[t, ((h)] : h(s) = inf h(u) and h(s) < h(t) 

y t<u<s 
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Clearly, E t is a (possibly empty) Borel set of the line. Suppose that E t ^ 0. Let s & E t . Set 
£ = sup{u < t : h(u) < h(s)}. Then 

h(t) = h(s) = inf h{u) , 

t<u<s 

that is Ph(£) = Ph(s)- Now observe that since h(t) > h(s), Ph(t) ^ Phi s )- Thus, s G S(h) since 
£ < t < s. So we get 

E t C S(h) . 

Let t n , n > 1, be a sequence that is dense in [0, C(^-)] and let s G S(h). Then, there exists 
s' < s such that Ph(s') = Ph{s)- Since Ph{s) is not a leaf, there exists t n £ (s',s) such that 
h(t n ) > h(s). Then 

h(s) = inf h(u) < h(t n ) , 

t n <u<s 

which implies that s G E tn . We thus have proved that 

S(h) = [JE tn , (44) 

n>l 

which implies the lemma. ■ 

It remains to prove that h satisfies (Min). Observe that for any t G [0, £(/i)], one has 

Et c 4>-\lp,p h (t)j) n (n(L Ph{t) ),M] c A Ph(t) . 

Then (44) implies 

S(h) C |J A ph(tn) , 

n>l 

which implies (Min) by Lemma 3.6. This completes the proof of the proposition. ■ 

The following proposition completes the proof of Theorem 1.1. 

Proposition 3.8 Let h\, /12 be two functions in Ti that satisfy (Min) and such that the two 
structured trees 

(Tf ll ,dh 1 ,Ph 1 ,<hi,IJ'h 1 ) and {Th 2 ,dh 2 , Ph 2 ,<h 2 , Wi 2 ) 
are equivalent. Then, h\ = Ji2- 

Proof: To simplify notation we assume that 

(T hl , d hl , p hl , < hl , fi hl ) = (Th 2 , dh 2 , Ph 2 , <h 2 , Ph 2 ) = (T,d,p,<,p). 

First observe that C(^i) = C(^2) = p(T) = M . Set for any a G T and for i G {1, 2} 

£i(a) = infp^dcr}) and n{a) = inf{t > £i(a) : p hi (t) ^ a} 

and recall that by Lemma 2.2, Ph i {(-i{o')) = cr. By definition, if a' < a, then £i{a') < £i(a), for 
i G {1,2}. Thus 

Phi ([0, £ t (a))) = L a \{a} , a G T , i G {1, 2}. (45) 
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Observe that 

p hi ([£i(a), n(a)}) = {a}, a G T , i G {1, 2}. (46) 

Let t G (rj (<t),M] be such that Phi(t) G L CT ; observe that £ is necessarily a time of latter visit. 
Thus, 

Vl] (L a ) n {n{a), M] C S(fc) , a G T , i G {1, 2}. (47) 

Then (45), (46) and (47) imply for i G {1,2} 

[MiW)C^(LAW) C [0,fi((7))U5(/ij) and [0,r,(a)] C p^ 1 (L ff ) C [0,r,(a)]U%). 
Consequently, 

MMM) = A (*£ (MM)) = W and M (L ff ) = A (p" 1 (L CT )) = r t (a), 
since /ii and /i2 satisfy (Min). (46) then implies that h\ and h 2 coincide on the set 

F(h x ) = F(h 2 ) = |J [p(L a \{a}),p(L a )] 

that is a set of full Lebesgue measure in [0, M] and hi = h 2 follows since h\ and h 2 are left- 
continuous. ■ 

We now prove Theorem 1.3. 

Proof of Theorem 1.3: Recall that jh (resp. jy) stands for the isometry that maps the 
structured tree (T h ,d h , p h ,< h , p h ) (resp. (T h > , d h > , p h > , < h > , p, h >)) onto (T,d,p,<,[i) (resp. onto 
(T,eZ,p, <,//)). Obviously, p(T) = ((h) and p'iT) = C(h'). Let us denote by <\> (resp. <j>') the 
exploration mapping from [0,/x(T)] (resp. [0,//(T)]) onto T associated with p (resp. //) as in 
Definition 3.1. Recall that Theorem 1.1 implies that 

Jh°Ph = 4> and j h , o p h , = $ . (48) 

Let us first prove the existence of the time-change. Recall that (32) implies 

F(h) = |J [/»(MW),|iW] and F(h') = [j [p'(L a \{a}) , p'(L a ) } . (49) 

Since h and h! satisfy (Min), F(h) and F(h') are sets of full Lebesgue measure. Thus, they are 
dense in resp. [0, C,(h)] an d [0, C(^')]- Observe that it is possible to find a non-negative application 
ip on F(h) that is non-decreasing and such that for any a G T 

• (a) £MAAM)) = m'(MM) ; 

• (b) if p({cr}) > 0, then ip is left-continuous on (p(L a \{a}) , p(L a )] and <p(p(L a )) < 
m'(At)- 

Remark 3.2 If /^({cD/AI "}) > 0, then observe that we can find infinitely many ip satisfying 
(a) and (b). □ 
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We define ip by 

ip(t) = sup{^(s) , s £ F(h) and s < t} , t£ [0, p(T)\ . 

Observe that ip and <p coincide on F(h). Consequently 99(0) = £>(0) = 0. 

Let t £ (0, /z(T)]. We claim that there exists an increasing sequence s n £ [0, /i(T)], n > 1, 
converging to £ and such that 

lim p{s n ) = <p(t) . (50) 

Since ip is non-decreasing, the previous claim easily implies that (p is left-continuous at t. Let 
us prove (50): the result is clear if t £ F(h); the only non-trivial case to consider then, is when 
t = fi(L a \{a}), a £ T\{p}. It is always possible to find an increasing sequence a n £ [p, <r[, 
n > 1, that converges to cr and such that /u({a n }) = , n > 1. Thus, Lemma 2.12 implies 

[j L ffn \Wn} = \jL an =L a \{a}. (51) 

n>l n>l 

Set for any n > 1, s n = p,(L an \{a n }). Clearly, p(s n ) = <p(s n ) = n'{L an \{(j n }) and (51) implies 
lim (p(s n ) = lim p! \L an \{a n }) = pi \L a \{a}) = <p(t) 

n— »oo n— >oo 

which implies (50). 

Thus, we have constructed a non-decreasing, left-continuous mapping ip : [0, C(^)] ~* [0, 00) 
that coincides with (p on -F(/i) and such that p(0) = 0. Moreover, (a) and (b) imply that 
cp = (f)' o ip on -F(/i) by (49). It easily implies h = h' o p on [0, C(^)] since h and h' o ip are 
left-continuous and since F(/i) is dense in [0,£(/i)]. 

Let us prove the uniqueness result and the other points of Theorem 1.3. To that end, we 
need the following proposition. 

Proposition 3.9 Let (T, d, p) be a rooted compact real tree and let < be a linear order satisfying 
(Orl) and (Or2). Let p and p' be two finite Borel measures on T that both satisfy (Mes). 
Denote by h and h! the height functions associated with resp. (T, d, p,<, p) and (T, d, p, <, //) by 
Theorem 1.1 (h and h! then satisfy (Min)). Assume that p : [0, £(/i)] — > [0, 00) is non- decreasing, 
left- continuous and such that 

p(0) = and h = h o ip . 

Then for any a £ T , we get 

p(p(L a \{a})) = p'(L a \{a}) and p(p(L a )) < p'(L a ) . 

Proof of Proposition 3.9: To simplify notation, we set / = ]J % o j h i- } then / maps the rooted 
ordered compact real tree (T^i , d^' , ph' j <h') onto (Th,dh,ph,<h)- We first want to prove 

Jh°Ph= 3h> °Ph' °P ■ (52) 
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First, let us fix s±,S2 G [0, CC 1 )] an d let us set o\ = Ph(si) and a 2 = Ph( s 2)- For any a G Th, 
denote by t ff G [0, ((h)] a time such that Ph(t a ) = c; assume that t ffl = s\ and t a2 = S2. We 
then define G from T/j to Th by 

G(<r) = /(pv(v(*«t))) , ^e^. (53) 

We first get for any a, a' G Th 

d h (G(a),G(a')) = d h > (ph' (fiU)) , Ph' (fiU'))) = d h > ((p(t a ) , <p(t ff >)) 

for / is an isometry. Then, note that 

dh>{<p(ta),<p{t<r>)) > dh(t ff ,t ff >) = d h (a,a') 

since h = h! o tp. Thus, for any a, a' G Th 

d h (G(a),G(a'))>d h (a,a'). 

Since the metric space (Th,dh) is compact, standard arguments imply that G is actually a 
bijective isometry (see Theorem 1.6.15 (2) in [9]). It first implies that ph> o 99 is surjective: 

p w op([0,((h)}) = T h , . (54) 

It also implies that dh(G(ai),G(a 2 )) = dh(cri, (72)- So, we have proved 

dh{si,s 2 ) = d h '(p(si),p(s 2 )) , si,s 2 G [0,((h)] ■ (55) 

Let us prove that G preserves <h- To that end, we need to prove the following lemma. 

Lemma 3.10 Let h,h' G H and ip : [0, ((h)] — > [0, 00) be as in Proposition 3.9. Let t G [0, ((h)) 
be such that p(t) < p(t+). Then 

ti{u) = h'(p(t)) = h{t) , u G [p(t), <p(t+)\ . 

Proof of Lemma 3.10: We introduce 

so = inf{s G &(t),((h')] : h'(s) + ti(<p(t))} , 

with the convention that inf = 00. Suppose that so < ¥>(*+)■ Then, F(h') fl (so, i f{t+)) is non- 
empty for F(h') is dense in [0, C(^')] by (Min). Consequently, we can find s G F(h') (1 (so, p(t+)) 
such that h'(s) / h'(p(t)). There exists u G [0, ((h)] such that ph'(p(u)) = Ph'(s) since ph> o 99 is 
surjective. Set a = Ph'(s). If f(u) < s, then p(u) < pit) and since s G F(h r ), it implies 

^(u),s]c[//(MM)y(Ar)] 

by (49). Consequently, we get a = Ph'(r), r G [p(u),s]. But so G [p(u), s], which rises a 
contradiction. Thus, p(u) > s. It implies that u > t and p(u) > <p(t+). Since dh>(<p(u),s) = 0, 
we get 

h'(p(u)) = h'(s) = inf ti(r) < h'(p(t+)+) = h(t+) . (56) 

r£[s,tp(u)] 
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Now deduce from (55) that for any e > 

d h (t,t + e) = d h/ (ip(t),ip(t + e)) . 
Observe that 



lim d h (t, t + e) = h{t) - h(t+) 



and that 



]im d h ,(<p(t)Mt + e)) = ti(<p(t)) + h'(<p(t+)+)-2(ti(<p(t+)+)A inf ti(r) 

= h(t) + h(t+)-2(h(t+)A inf h'(r)) . 

Consequently, 

h(t+)< inf h'(r). (57) 

re [¥>(*),?(*+)] 

Then (56) and (57) both imply that h'(s) = h(t+) for wf re \ Sjip / u \] h'(r) < h'(s). Since we have 
supposed that h'(s) ^ h'(<p(t)), we get 

h'(s) = h(t+) < h(t) = ti(<p(t)) . 

Now set 

u = sup{u G [0, ip(t)) : ti(u) < ti(s) = h(t+)} . 

Clearly, 

ti(u ) = inf ti{r) = ti(s) = h{t+) . 
re[«o,s] 

Thus, dh>(uo, s) = 0. Since s £ F(h'), we get [uo,s] C [fi'(L a \{a}), fi'(L a )]. Thus, for any 
r € [uo, s], we get Ph'(r) = cr. But sq G [no, s] and 

ti(s ) = ti(<p(t))>d(p,a)=ti(s). 

Thus, Ph'(so) 7^ cr, which rises a contradiction. It then proves that So > ip(t+), which implies 
the lemma. ■ 

Let us complete the proof of the proposition. Let t € (0, C(h)] such that for any s £ [0, t), 
Ph( s ) 7^ Ph(t)- Then, the previous lemma implies that 

Ph'(u)^p h '(f{t)), ue[0,<p(t)). (58) 

(Suppose indeed that there exists u G [0, <p(t)) such that Ph'(u) = Ph'i^pit)) which is equivalent to 
dh'(u,(p(t)); there exists s G [0, t) such that ip(s) <u< <p(s+); the previous lemma implies that 
dh'(<p(s),u) = 0; thus d^i (<p(s) , <f(t)) = 0; (55) implies dh(s,t) = 0, which rises a contradiction.) 

Consequently, we get for any si,S2 £ [0, ^(/i)], 

Ph(si) <h Ph(s 2 ) => Ph'{<p{si)) <h' Ph'(ip(s 2 )) . (59) 
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Thus, by definition of G 

<Ji <h 02 => G(ai) < h G(a 2 ) . (60) 

Let us prove that (60) implies (52): Let us suppose that there exits a £ Th such that 
G(a) 7^ a. Then, eiher G(a) <h a, either a <^ G(a). Define recursively the sequence G n (a) , 
n > 1, by G n+1 (a) = G(G n {a)) and G 1 (a) = G(a). In both cases the sequence G n {a) , n > 1, 
is (</t)-monotone and thus convergent, by Proposition 2.11. Now, observe that dh(G(a),a) = 
d h (G n+1 (a),G n (a)), which contradicts G(<r) + a. 

So, we have proved that G(a) = f (j>h' (vita))) = a - By (55), this identity does not depend 
on the choice of t c in p^ ({<?})■ Consequently 

f(Ph>(<p(t)))= Ph (t), t€[0,C(h)], 

which implies (52). 

Let us now complete the proof of Proposition 3.9: recall from (31) that for any a G T 

//(MM) = inf {* > : 3h(Ph(t)) = a} . 
Then, (58) and (52) imply 

p(/i(MM)) = mf{t > : Jh ,(p h/ (t)) =a} = n'(L a \{a}). (61) 

This proves the first point of Proposition 3.9. 

Let us prove the last one. Fix t € [fi(L a \{a}), fi(L a )]. (52) implies that 

<r = 3h'(Ph'(<f(t))) =3h(Ph(t)) , t€ [/x(MM)>MM] . 

Suppose that cp(t) <£ F(h'). Thus, ip(t) > m'(M by (49). Since p h ,(fi'(L a )) = p h >{y>{t)) = a, 
there exists s € (//(L CT ), </?(£)) such that Ph'(s) / o. Set Ph'(s) = o' . It is easy to check that 

p h }({<y'})d^'(L a )^(t)). 

Since p^ o ip is surjective, we can find u < t such that 

<p(u) £ (fx'(L a ),<p(t)) and a' = Jh'(ph'(v(u))) ■ (62) 

It implies 

vMMM)) = aAMM) < M '(M < <p(u) < <p(t) . 

Thus, u G [fi(L a \{a}),t\. (32) then implies that 

o = 3h{Ph{u)) = Jh'{Ph'{^p{u))) , 

which contradicts (62). Thus, it proves that ip(t) € F(h') and (49) implies that ip(t) < /j,'(L a ), 
which completes the proof of the proposition. ■ 
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Let us complete the proof of Theorem 1.3: Observe that (iv) is Lemma 3.10. Let us prove 
(ii): if p! has no atom, then Proposition 3.9 implies 

p(F(h)) = F{ti) = y{L a ) : a € T} , 

which implies that ip is continuous since F(h) and F(h') are dense. 

Let us prove (in): assume that p has no atom, let t\ < t 2 be in (0, /z(T)); there exist o\ < a 2 
in T such that 

t\ < n(L ai ) < p(L a , 2 ) < t 2 , 

for F(h) = {p(L„);a G T} is dense in [0, p(T)]; it implies by (Inc) that 

<p(h) < p(p(L ai )) = M'(L<n\{<ri}) < m'O^V^}) = <p(p(L ff2 )) < <p(t 2 ) 

and thus (p(ti) < p(t 2 ), which completes the proof of (in). 

Finally, let us prove (i). Assume that p and fi' do not share any atom. Thus, Proposition 
3.9 and (49) imply that ip is uniquely determined on {0} U F(h). Consequently, ip is uniquely 
determined on [0, C(h)} for F(h) is dense in [0, C(^)] by (Min) and for ip is left-continuous. This 
proves one implication of (i); the converse of (i) is a consequence of Remark 3.2. ■ 

4 Properties of height functions. 

In this section we give some simple properties concerning the regularity of height functions in 
terms of properties of the corresponding trees. We also make the connection with an earlier 
probabilistic approach by Aldous. 

Let (T, d) be a real tree. Recall the definition of the length measure It on T from the 
Introduction section. Observe that It only relies on the metric structure. That the tree has 
finite length should be "read" from any height function coding the tree. More precisely, let 
h £ H M - We set for any < a < b < M 

v(h, [a,b]) =sup ^2 \h(U) - h(U-i)\ , 

l<i<n 

where the supremum is taken over all subdivisions to = a < t\ < . . . < t n = b. The (possibly 
infinite) quantity v(h, [a,b]) is then the total variation of h over [a,b]. Let r € [0, M] and let 
to = < t\ < . . . < t n = r. We denote by Span^(ii, . . . ,t n ) the subtree of T^ spanned by the 
vertices Ph(ti), ■ ■ ■ ,Ph(t n ) and the root ph'- 



Span h (ti,...,t n ) = (J {ph,Ph(U 



l<i<n 

Fix e > 0. For any 1 < i < n — 1 , we can find Sj(e) € [U, U+i] such that 



Ksde)) <-+ inf Ms) . (63) 

n selu,ti+i] 
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Now, think of the rooted ordered subtree Span h (ti, . . . ,t n ) as a planar tree, namely a tree 
embedded in the clockwise oriented half-plane; imagine a particle that continuously moves on it 
at unit speed, that starts at the root ph and that backtraks as less as possible. The total amount 
of time needed by the particle to cover the tree and to go back to the root is twice the total 
length of Span^ii, . . . ,t n ). More precisely the function recording the distance of the particle 
from the root is the piecewise linear continuous function with slope +1 or —1 that goes through 
the values 

0,h(h), inf h(s),h(t 2 ), ..., inf h(s) , h(t n ) , . 

s6[ti,*2] se[t n -i,t„] 

If we look at the particle until it visits for the last (and perhaps also the first) time Ph{t n ), 
then all the point of Span h (ti, . . . ,t n ) have been visited twice or more except the points of 
Jph, Ph(t n )l\Bi(T) , the leaves of Span h (ti, . . . ,t n ) and possibly the root. Deduce from the pre- 
vious observations that 

y^ \h(U) -h(U-i)\ < dh{ph,Ph{ti)) + dh{ph{ti),Ph(h)) + --- + d h (ph(tn-i),Ph(tn)) 

l<i<n 

< 2f r (SpanJi 1 ,...,t n )) -/i(r) 

since dh(ph,Ph(t n )) = h(r). Now deduce from (63) that 

Hh) + \h(h) - h( Sl (e))\ + \h{t 2 ) - h(8i(e))\ + ... + \h(t n ) - /i(s n _i(e))| > 
dh(Ph,Ph{h)) +d h (p h (t 1 ),p h (t 2 )) + ... + d h (p h (t n - 1 ),p h (t n )) - e. 

Consequently 

v(h,[0,r])=2£ T (p h ([0,r]))-h(r) 

for 

sup e T (Span. h (ti, ..., t n )) = iriPhifi, r])) , 

where the supremum is taken over all the subdivisions to = < t\ < . . . < t n = r. This implies 
the following proposition. 

Proposition 4.1 Let (T,d) be a compact real tree. £t(T) is a finite quantity iff there exists a 
height function h G Ti with bounded variation such that (T,d) and (Th,dh) are isometric. 

Remark 4.1 It is easy to check that if the length £t(T) is finite then Hausdorff and packing 
dimensions agree and are equal to 1. □ 

We now discuss continuity properties of height processes. Let us first prove the following 
lemma. 

Lemma 4.2 Let h & Ti. We can always find a continuous c € Ti such that (Th,dh, Ph> <ft) an d 
(T c , d c , p c , < c ) are isometric. 
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Proof: Let us first mention that c is in general not unique and that it may never satisfy (Min) 
(see Comment 1.2). Here we provide one possible function c by interpolating the jumps of h in an 
order-preserving way. Denote by t n , n > 1, a sequence of [0, ((h)] containing all the jump-times 
of h; set 

ij,(t) =t + ^22- n l m (t n ) and A(a) = M{t G [0, M] : -0(i) > s}. 

n>l 

Clearly tp is increasing and right-continuous on [0, M\. Thus, A is well defined and continuous 
on [0,M+ 1). Moreover, lim s _» M +i A(s) = M. Set a = Y>(A(s)-) and b = Y>(A(s)). If a < 6, 
then a < s < b and for any u G (a, 6), we get A(u) = A(s). In that case define 

7/ — n 

6(u) = (h(A(s)) - h(A(s)+)) —— . 



If otherwise a = b, then set 9(s) = 0. Then, define c(s) = h(A(s)) - 9(s), s G [0, M + 1]. Check 
that c is continuous and that (Th,dh, ph,<h) and (T c ,d c ,p c , < c ) are isometric. ■ 

Let (T,d,p,<,fj,) be a structured tree such that < satisfies (Orl) and (Or2) and such that 
p satisfies (Mes). Recall that <\> : [0,/x(T)] — ► T stands for the exploration mapping associated 
with p defined in Definition 3.1. Fix t G [0,p(T)]. It is easy to check that <f)(t) ^ 4>{t+) iff no 
subtrees are grafted on the "right side" of the branch ]0(i+),0(i)]. Namely, (f>(t) ^ <f>(t+) iff 

{ a G T : <j>(t) < a and a A </>(t) e}(j>(t+), 0(i)[} = 0. 

Thus, the height process h G 7Y associated with the structured tree (T,d,p,<,p,) by Theorem 
1.1 is continuous iff for any o\ G T and for any 02 G]/9, 01 [, 

{o-GT : cri < a and <r A <7i Glcr 2 , <ti[} / 0. (64) 

It implies that the leaves of T are dense: 



Lf (T) = T . (65) 

(Indeed let 7 G]o"2,cri[ and fix e > 0; (64) implies that Br(T) is dense in ]o"2,o"i[; since (T,d) 
is compact, there are only finitely many connected components of T"\]<72,o"i[ with a diameter 
larger than e; Thus the set of points in ]o"2,o"i[ on which are grafted the connected components 
of r\]o"2,cJi[ with diameter < e is dense in ]<T2,<Ti[; consequently we can find a leaf a G Lf(T) 
in such a component such that d(a, 7) < 2e; it implies that the leaves are dense in the skeleton 
of T, which proves (65).) 

Conversely, we prove the following proposition. 



Proposition 4.3 Let (T,d,p) be a compact rooted real tree such that Lf(T) = T. Then a.s. for 
any finite Borel measure p whose topological support is T, the height process hsh associated with 
the structured tree (T,d,p,<sh,p) by Theorem 1.1 is continuous. 



Proof: Clearly, Lf (T) = T implies 

Vai G T , Vo- 2 G]p, cji[ , 3a G T\[o- 2 ,cri] : a A a\ G]a 2 , <J\\ 
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Arguments similar to those used in the proof of Proposition 2.8 imply that a.s. the ordered tree 
(T,d,p, <sh) satisfies (64). The details are left to the reader. ■ 



Remark 4.2 Although (65) does not depend on any measure on T, note that if there exists a 
measure p on (T, d, p) such that 

suppp = T and p(Sk(T)) = , (66) 

then (T,d,p) satisfies (65). Observe that if in addition p is non-atomic, then any height function 
h G H coding (T, d, p, <, p) fulfils (Min) and is therefore unique. □ 

Conversely we have the following proposition. 



Proposition 4.4 Let (T, d, p) be a compact rooted real tree such that Lf (T) = T . Then there 
exists a probability measure p on T that satisfies (CT1), (CT2) and (CT3). 



Proof: We construct such a probability measure thanks to a specific splitting of T that we first 
explain: Let Q = (g„ ;n > 1) be a dense sequence of distinct leaves of T. Let C k , k > 1 be 
the connected components of T\\p, q[ ] listed in such a way that for any 1 < k < I, 

min {n > 1 : q^ € C° k ) < min {n > 1 : qW G Cf } . 

Fix k > 1. Denote by C k the closure of C£ and denote by o~k the vertex of {p,q[ ] such that 
C k = Cf, U {(T k }. We also define Q k = (q\ ';i > 1) by q\ = q\l, where n(i), i > 1, is the 

increasing sequence of indices n > 1 such that qh € C k . Then, we have defined 

Split ( ((T, d, p); Q )) = { ((C fcj d, a fc ); Q fc ) ; fc > 1) ■ 

We recursively define ((C u , d, a u ); Q u ) for any word u G U in the following way: 

Split ( ((C u , d, a u );Q u )) = (((C^ k ),d,a^ k ));Q^ Uik )) ; k > l) , 

where (n, /c) stands for the concatenation of the word u with the single letter word k. Observe 
that for any u = (v, w) with v, w G U we get 

C u C C v (67) 

and 

ff M € C„° if w ^ , (68) 

where C° stands for the interior of the compact set C v . Note that for any n > 1 

U c « = n U Mi u) ] (69) 
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and by (68) we also get 



Thus 



Now observe that 



Then we get by (1) 



|J c u c |J c° v . 



ueu 

|«|=n 



\v\=n— 1 



n u c u =T\\jip, q [ 



(«)t 



n>l «eu 
|u|=n 



«GU 



{<Z< u) ; u e U} = {g£»> ; n > 1} . 
HU C « = " (r)\{gW ; n > 1} . 

n>l ueV 
\u\=n 



(70) 

(71) 

(72) 
(73) 



Denote by Uqo the set of the positive integers valued sequences. Let Voo = (v^n); n > 1) be in 
Uoo. Set u n = (voo(l)) • • • ) u oo(^)) an( l define the non-empty compact C Voo by 

c,^ = D c *n c Lf ( r )\i^ 0) ; n > 1}. 

n>l 

Suppose that C Voo contains two distinct leaves a and a'. There exist n, n' > 1 such that 

d(o", cr A q^) < -d(a, a A a') and d(o-', a' A qffl) < -d(a', a A a') . 
o o 

It implies that there exist two distinct words u, v! € U such that 

ff£C:,ff'e C?., and C° n C°, = , 



'U ' ' w u' 



which rises a contradiction. Consequently C Voo reduces to a single point denoted by £(uoo)- 
Moreover, deduce from (73) that £ define a bijective map from Uqo onto Lf(T)\{c/„ ; n > 1}. 
In addition observe that for any u = (fei, . . . , k n ) € U with ki, . . . , k„ > 1, we get 

r 1 (c„ n (Lf (T)\{gf ) ; n > 1}) ) = { Uoo G Uoo : Uoo(*) =*i,l<i<n}. 

It implies that £ is measurable when Uoo is equipped with the sigma-field generated by the 
applications v^ — > i>oo(n) , n. > 1, and when Lf(T)\{q„ ; n > 1} is equipped with the trace of 
the Borel sigma-field. 

Let p = (pi',i > 1) be a probability distribution on the positive integers such that pi > , 
i > 1. Let V = (k„; n > 1) be a sequence of i.i.d random variables distributed in accordance with 
p. Denote by /j, the distribution of £(V). Clearly /j, satisfies (CT3). Let a = £(i>oo)- Observe 
that 

//({<r}) = P(£(F) = £(««,)) = lim P(«oo(») = «i ; 1 < * < n) = . 

n— +00 

Thus, /x satisfies (CT2). 
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For any n > 1 we set u n = (t>oo(l), . . . , Voo(n)), then {a} = f] C Un , by definition of £(«oo) = &■ 
It implies that the diameter of C Un goes to zero. Thus, for any e > 0, there exists n(e) such that 
C u . . is contained in the open ball B(a,e) centered at a with radius e. Consequently, 

fi(B(a,e)) >n(C Un{e) ) = Pv 00 (l)Pv 00 (2) ■ ■ ■ P Voo (n(e)) >0, 
which implies (CT1). This completes the proof of the proposition. ■ 

Let us consider a continuum tree (T,d,p,p). We now make the connection with an earlier 
work of Aldous (namely Theorem 15 in [5]) that provides a randomized construction of the height 
function of continuum trees. This construction detailed in the proof of Theorem 15 in [5] can be 
rephrased as follows: 

• Let S n , n > 1, be an i.i.d. sequence of points in T with distribution p. Since (T,d,p,p) is 
a continuum tree, then a.s. the S n 's are distinct leaves and they form a dense subset of T. 

• We equip the continuum tree (T, d, p, p) with the random uniform shuffling <sh that is 
assumed to be independent of the sequence S n , n > 1. 

• We set So = p. For any n > 0, we define a random number U n in [0, 1] as follows: 

- We set Uo = 0; we also assume that U± is independent of the sequence S n , n > 1, and 
that U\ is uniformly distributed in [0, 1]. 

- Suppose that U\, . . . , U n have been defined; there are two cases. Either there exists a 
pair ki,k2 € {0, . . . , n) such that S n+ i is the unique point a € {So, . . . , S n+ i} such that 
Sfci <Sh cr <sh Sfc 2 ; in that case, pick U n+ \ uniformly at random in the closed interval 
whose ends are Ufa and Ufa. Either 

Vfe € {0, ...,n} , S fc < Sh S n+ i ; 

in that case, pick U n+ \ uniformly at random in the interval [maxo<fc< n Uk , 1] . 

Now set for any t G [0, 1], 

/(t) = limsup{d(p,E n ),n>0 : U n G [t - e,t + e]} . 

Then Theorem 15 [5] implies that a.s. / is a continuous function such that (Tf,df) and (T,d) 
are isometric and it is clear from Theorem 1.1 that / is the (unique, by Proposition 4.3 and 
Remark 4.2) height function associated with the structured tree (T,d,p, <sh>A*)- 

Consequently, all height functions constructed thanks to Theorem 15 in [5] coincide with 
the construction given by Theorem 1.1: in particular, it is the case of the normalized Brownian 
excursion that encodes the Continuum Random Tree; it is also the case of the height functions 
of the Inhomogeneous Continuum Random Trees given in [2] and of the height functions of the 
genealogical tree of stable fragmentations in [25]. 

Levy trees introduced by Le Gall and Le Jan in [35] generalize the Brownian tree. They 
are constructed via the coding by the so called Height Process that is a local-time functional of 
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a spectrally positive Levy process. Levy trees can be seen as family trees of continuous states 
branching processes that have been introduced by Jirina and Lamperti (see [28, 30] and also 
[7]). The Levy trees are the scaling limits of the discrete Galton- Watson trees (see [15, 17, 18] 
for a detailed account on that topics). When the underlying branching process a.s. dies out in 
finite time, then the Height Process is continuous with compact support and the Levy tree coded 
by this process is a continuum tree (T,d, p, m). Moreover, given (T, d,p, m) the order induced 
by the Height Process corresponds to a uniform random shuffling. Consequently, if we fix the 
structured tree (T,d, p, <,m) coded by a sample path of the Height Process, then the height 
function given by Theorem 1.1 coincides with the Height Process itself. 

In all these examples of random trees, order does not really matter. Let us end the paper with 
an example of random tree where the role played by the order is crucial. Let X = (X(t),t > 0) 
be a Levy process without negative jumps and started at X(0) = x > 0. We assume that X 
does not drift to +oo so that the stopping time M given by 



is a.s. finite. Let us set 



M = inf{t > : X(t) = 0} 



h(t) = X(M-t) , te[0,M\. 



Then, h € TL. We denote by (T,d, p, <,p) the random structured tree coded by h. When X is 
a compound Poisson process with unit drift, then X can be interpreted as the load of a Last- 
In-First-Out M/G/l queueing system and the underlying tree is given by the following rule: we 
say that Client (a) is the child of Client (b) if Client (b) was currently served when Client (a) 
arrived in the line (see [35, 37] for more details). The underlying tree can also be seen as the 
life-time tree of a Crump-Mode-Jagers branching process (see [27] or [16] for a connections with 
Levy processes). 

Here we consider the case of a Levy process X for which points are regular and instantaneaous, 
namely a.s. 

Ve > , inf X(s) < X(0) < sup X(s) . 

0<s<e 0<s<e 

It is equivalent for the Levy process to have infinite variation paths (we refer to the book of 
Bertoin [6] Chapter VII Corollary 5 for details). By an easy time-reversal argument, we can 
show that for any to > 0, a.s. we get 

Ve > , inf X(s) < X(t ) and inf X(s) < X(t ) . 

to<s<to+e if) — e<s<to 

This implies that a.s. p is a non-atomic measure and that //(Sk(T)) = 0. Thus, (T,d,p, p) is a 
continuum random tree. 

Now, fix (T, d, p, <,p) and denote by < s h a random uniform shuffling of (T,d, p, p). Then, 
Proposition 4.3 implies that the new height function hgh associated by Theorem 1.1 with 
(T, d,p, < s h,/u) is continuous. Thus, it is a continuous rearrangement of the Levy process 
X = (X(t);0 < t < M) coding the same measured compact rooted real tree. Excepted in 
the Brownian case, the distribution of hgh does not seem to be simple to characterize. 
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